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Description of the problem
The facts about the organization of the SI physical quantities are:
Unlike the organization of the chemical elements in a periodic
table, no conclusive results are published about the
organization of physical quantities according to a system of
dimensions.
The SI is used worldwide as language in the domains of
science and technology. The scientific community adopted by
convention the SI.
The question can be formulated as:
The mathematical classification of the SI physical quantities is
an open issue.
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What are the axioms of the 8th edition of the SI? I
We posit from the 8th edition of the SI [BIPM, 2006] a set of
axioms that are forming the algebra of quantity calculus
[de Boer, 1994] .
Axiom (1)
The physical quantities are organized according to a system of
dimensions.
Axiom (2)
The base quantities are length, mass, time, electric current,
thermodynamic temperature, amount of substance and luminous
intensity.
Axiom (3)
The base quantities are independent.
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What are the axioms of the 8th edition of the SI? II
Axiom (4)
For each base quantity of the SI, there exists one and only one
dimension.
Axiom (5)
For each base quantity of the SI, there exists one and only one
base unit.
Axiom (6)
The product of two quantities is the product of their numerical
values and units.
Axiom (7)
The quotient of two quantities is the quotient of their numerical
values and units.
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What are the base quantities and base dimensions used in
the SI?
base quantity quantity dimension
symbol symbol
length l , x , r , . . . L
mass m M
time t T
electric current I , i I
thermodynamic temperature T Θ
amount of substance n N
luminous intensity Iν J
The base quantities have no unique symbols. Only the dimensions
of the base quantities have a unique symbol that is written in
roman font.
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What is the SI dimension of a physical quantity?
Definition
The SI dimension of a physical quantity q is expressed as a
dimensional product:
dim(q) = LαMβTγIδΘNζJη ; (1)
where the exponents α, β, γ, δ, , ζ, η ∈ Z are called dimensional
exponents.
The base quantities have no unique symbols. Only the SI
dimensions of the base quantities have a unique symbol that is
written in roman font.
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Mathematical preliminaries
These preliminaries are gathering objects from disparate
mathematical fields:
discrete mathematics
group theory
lattice theory
combinatorics
algebraic geometry
algebra
analysis
logic
This enables the description of the mathematical structure
organizing the physical quantities.
The mathematical objects are defined in n-dimensional space and
are then applied to the specific case of n = 7 .
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The lattice of the natural numbers
The divisibility relation induces a lattice structure between the
natural numbers based on:
the set of the natural numbers N = {1, 2, 3, . . .}
the binary operation × representing the multiplication of two
natural numbers
the relation divisibility | between the natural numbers.
We write x divides z with notation x | z if there exists a natural
number y such that z = x × y .
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What is a Menger lattice?
Definition
P is a point if and only if any element included in P is identical
either with P or with the empty set.
Menger posited a lattice of undefined elements and two algebraic
operations of join and meet on them and defined an inclusion
relation between them corresponding to the incidence relation. He
could then define points as those elements that include no
non-empty proper parts.
Go¨del remarked that such definitions could not be formulated in
the subsystem consisting of sentences with no existential
quantifiers when put in normal form.
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What is dimension? I
To define dimension in a recursive way we need two auxiliary
concepts: neighborhood and boundary [Menger, 1943].
Definition
We call a set N a neighborhood if each point of N is the center of
a (hyper)-sphere (though perhaps a very small (hyper)-sphere) all
of whose points belong to N.
Definition
The boundary of a neighborhood N is the set of all points which
do not belong to N but are centers of arbitrarily small
(hyper)-spheres which contain some points of N.
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What is dimension? II
Definition
A set S of points is at most n-dimensional if each point of S lies in
arbitrarily small neighborhoods whose boundaries have at most
(n − 1)-dimensional intersections with S . The set S is
n-dimensional if it is at most n-dimensional but not at most
(n − 1)-dimensional.
The empty set, called (−1)-dimensional is the starting point of the
recursive definition.
Example
A set S is 1-dimensional if it is not 0-dimensional, and each point
of S lies in arbitrarily small neighborhoods whose boundaries have
at most 0-dimensional intersections with S .
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What is dimension? III
Example
The set S0 of all points which have three irrational
coordinates.
The set S1 of all points which have one rational and two
irrational coordinates.
The set S2 of all points which have two rational and one
irrational coordinate.
The set S3 of all points which have three rational coordinates.
The sets S0,S1,S2, S3 are all 0-dimensional [Menger, 1943].
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The properties of the n-dimensional integer lattice
The properties of the n-dimensional integer lattice are described
elsewhere in the literature [Conway, 1999c]. We will recall briefly
the properties that are useful for the purpose of structuring the
physical quantities.
Every lattice point is expressed in a unique way as the linear
combination f˘ = f1e˘1 + . . .+ fne˘n where the coefficients fi
are called the coordinates of f˘ .
The basis e˘1, . . . , e˘n, that generates the integer lattice Zn is
orthonormal.
The automorphism group of Zn consists of all signed
permutation matrices acting on the integer lattice points, and
has order 2nn! and is the Weyl group of root system
Bn [Conway, 1999c, Carter, 2005].
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 14 / 147
The parity of the sum of the coordinates in the
n-dimensional integer lattice I
Definition
Let the surjective function “psc”, represent the parity of the sum
of coordinates of a lattice point of Zn and define:
psc : Zn → {0, 1} | psc
(
f˘
)
= |
n∑
i=1
fi | (mod 2) , fi ∈ Z .
The “psc” function is a 2-colouring function.
We write Zn = Zne ⊕ Zno so that it splits as the sum of even
and odd parts with the origin o˘ in Zne .
We have an evensum lattice point when psc
(
f˘
)
= 0 and an
oddsum lattice point when psc
(
f˘
)
= 1 where f˘ ∈ Zn .
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The parity of the sum of the coordinates in the
n-dimensional integer lattice II
Observe that the lattice points f˘ for which psc
(
f˘
)
= 0 are
elements of D7 that is an indecomposable root lattice
[Coppel, 2009] defined as
D7 = {(f1, . . . , f7) ∈ Z7 |
7∑
i=1
fi is even} .
The lattice D7 has 84 minimal points, that are ±e˘j ± e˘k where
(1 ≤ j < k ≤ 7) .
These 84 points form a simple basis derived from the
canonical basis e˘1, . . . , e˘7 of Z7 .
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The valuations in the n-dimensional integer lattice
Definition
The `1-norm is represented by the expression
N(f˘ )
.
= ‖f˘ ‖1 =
n∑
i=1
n∑
k=1
aik fi fk
Definition
The `2-norm is represented by the expression
‖f˘ ‖2 .=
√
n∑
i=1
n∑
k=1
aik fi fk
Definition
The `∞-norm of f˘ is represented by the expression
‖f˘ ‖∞ .= max{|f1|, . . . , |fn|}
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Infinity normed n-polytope of norm s I
Consider a lattice point f˘0 and points f˘ , which have the
property f˘0 + f˘ ∈ A⇔ f˘0 − f˘ ∈ A then we call A a centrally
symmetric set.
In the remainder of the paper we will assume that f˘0 = o˘ is
the origin of Zn .
A n-dimensional integer lattice polytope Pn is the convex hull
of a set of finitely many points in Zn [Coxeter, 1973].
An infinity normed n-polytope Psn of norm s is a subset of Zn
with the following property Psn = {f˘ ∈ Zn | ‖f˘ ‖∞ = s} .
We characterize the infinity normed n-polytope Psn by the
parameters n and s, where n represents the dimension of the
integer lattice and s represents the value of the infinity norm.
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Infinity normed n-polytope of norm s II
Theorem
Let Psn be a centrally symmetric n-dimensional infinity normed
polytope of edge-length 2s then the cardinality of Psn is (2s + 1)
n .
Proof.
For n = 0 the result is trivial.
For n = 1 we have the set Pn1 = {−s, . . . , 0, . . . , s} with
edge-length 2s . Let us denote the cardinality of the set S by
# (S) then # (Ps1) = 2s + 1 .
For n = 2 we have to increase the dimension n by 1, which
corresponds to calculate the Cartesian product of the sets
Ps1 × Ps1 = Ps2 .
It is a property of cardinal numbers that:
# (Ps2) = # (P
s
1)×# (Ps1) = # (Ps1) ·# (Ps1) = (2s + 1)2 .
Assume that #
(
Psn−1
)
= (2s + 1)n−1 . Then
# (Psn) = #
(
Psn−1
)·# (Ps1) = (2s+1)n−1 ·(2s+1) = (2s+1)n .
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Properties of infinity normed 7-polytopes of norm s
The properties of the infinity normed polytopes Ps7 in Z7 for s ≤ 10 are
given in the next table. The ordering of the classes is based on graded
reverse lex order [Cox, 2007]. We derive that the measure polytopes Ps7
are partitioned in
(
7+s−1
s
)
equivalence classes.
‖x˘‖∞ = s sum(# ([a])) cumul(sum(# ([a]))) #
(
Ps7
)
cumul(#
(
Ps7
)
)
0 1 1 1 1
1 2186 2187 7 8
2 75938 78125 28 36
3 745418 823543 84 120
4 3959426 4782969 210 330
5 14704202 19487171 462 792
6 43261346 62748517 924 1716
7 108110858 170859375 1716 3432
8 239479298 410338673 3003 6435
9 483533066 893871739 5005 11440
10 907216802 1801088541 8008 19448
The second column shows the number of vertices while the third column
gives the cumulated number of vertices. The fourth and fifth columns
have a similar meaning but are expressing the number of classes in each
infinity normed polytope Ps7 .
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Absolute leader classes of a lattice I
The representative lattice point, called in signal processing an
absolute leader, has only coordinates that are non-negative
integers.
A leader class is the set of lattice points of Zn that are
connected through a signed permutation.
Let A = {0, 1, 2, . . . , s} be a totally ordered alphabet.
The representative of a leader class is a word w constructed
from the alphabet A .
The words w have a length n that corresponds to the
dimension of Zn .
Let ni be the number of characters of type i of the alphabet
A .
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Absolute leader classes of a lattice II
Suppose that the characters of w are subjected to a signed
permutation, then the cardinality of the leader class is given
by the equation:
# ([w ]) = 2n−n0
n!
n0!n1!n2! . . . ns !
.
We note a leader class of Zn as [w ] = [(f1, . . . , fn)] , where
(f1, . . . , fn) are the coordinates of the representative lattice
point.
We write the characters in graded reverse lex
order [Cox, 2007].
Each leader class forms a set of lattice points that are
symmetric about the origin o˘ .
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Outline of methods and results I
4 Methods and results
Codification strategy
Go¨del encoding of physical quantities up to a signed permutation
Geometric representation of form equations between physical
quantities
Cardinality of isoperimetric parallelograms
Bicolouring patterns of a 4-cycle representing a form equation
between physical quantities
Invariance of the isoperimetric distribution
Additive partitioning of leader classes
4-factorization of the leader class [22104]
3-factorization of the leader class [22104]
2-factorization of the leader class [22104]
Linear independence and orthogonality between classes of physical
quantities
Decompositions of a vertex in pairwise orthogonal vertices
Compatible physical quantities
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Codification strategy I
We search for a structure that contains atomic objects needed
for the language of physics [Mills, 1997].
In the course of this search we use elementary mathematical
tools from diverse mathematical disciplines.
We start from the concept natural number because counting
is a fundamental process in science.
Relations like ≤ and | between natural numbers induce a
lattice structure [Birkhoff, 1979].
In number theory the atomic parts are identified as the prime
numbers [Coppel, 2009].
We define a bijection from N on the Cartesian product
N× . . .N such that each natural number is mapped to a
distinct n-tuple of natural numbers.
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Codification strategy II
Next, we consider the action of the group of permutations on
Nn that we denote Aut(Nn) and define a morphism that maps
each generated orbit to a distinct physical concept, with
notation C .
The orbits are forming a finite set of n-tuples and we
associate these lattice points to distinct fundamental physical
quantities [Qf ] .
This scheme organizes in a unique way the physical concepts
C and the fundamental physical quantities [Qf ] and results in
the set of fundamental physical quantities denoted Q .
It is known from linear vector quantization [Rault, 2001] that
the `2-norm and the phase of a lattice point are used to
partition a lattice. However, this norm and phase are not the
correct classifiers for the physical quantities.
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 25 / 147
Codification strategy III
If we use as classifier the `∞-norm we obtain equivalence
classes for which the elements of the class have the same
isoperimetric distribution.
The absolute leader classes are partitioning Z7 in equivalence
classes.
The inverse map h−1 acting on the absolute leader classes
organizes the classes of physical quantities in U.
The signed permutation matrices, transforming the
representative lattice point of the leader class in lattice points
belonging to the absolute leader class, are elements of the
automorphism group Aut(Z7) and the order of this group for
n = 7 is 2nn! = 645120 .
We find that the infinity norm `∞-norm organizes the absolute
leader classes in nested centrally symmetric 7-polytopes Ps7
where `∞ = s .
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Isomorphism between classes of physical quantities and Z7
I
Let the set of physical quantities be Q.
Consider the physical quantities a, b ∈ Q and assume the
following equivalence relation a is dimensionally equivalent
with b with notation a ∼ b .
As physical quantities occur in the form of scalars, vectors,
multi-vectors, matrices and tensors, we can without loss of
generality consider a component of a physical quantity and
denote it as q .
The set of all equivalence classes in Q given the equivalence
relation ∼ is the quotient set Q/∼ .
We define the surjective function dim(q) from Q to Q/∼
given by dim(q) = [q]∼ .
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Isomorphism between classes of physical quantities and Z7
II
We represent the equivalence classes as
[q]∼ = {p ∈ Q : p ∼ q}.
Consider the set of integer septuples
Z7 .= {(f1, . . . , f7) : fi ∈ Z} , that is a special case of the
n-dimensional integer lattice [Conway, 1999c].
We know that Z7,+ is an additive group and that from the
algebra of the quantity calculus we have that Q/ ∼, · is a
multiplicative group.
We define the group isomorphism h formally as
h : Q/ ∼→ Z7 : h ([q]∼) .= f˘ = (f1 , . . . , f7 ) where fi ∈ Z .
We will in the sequel make the abuse of notation and write
[q] = [q]∼ .
The dimensional exponents of a physical quantity, taken in the
correct order, form the coordinates of a point in Z7 .
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Isomorphism between classes of physical quantities and Z7
III
Each lattice point is the image of one and only one class of
physical quantities that are dimensionally equivalent and so
the mapping h is bijective from Q/∼ on Z7 .
We are free to select seven basis lattice points of Z7 and
define:
e˘1 = h ([length]) = (1, 0, 0, 0, 0, 0, 0)
e˘2 = h ([mass]) = (0, 1, 0, 0, 0, 0, 0)
e˘3 = h ([time]) = (0, 0, 1, 0, 0, 0, 0)
e˘4 = h ([electric current]) = (0, 0, 0, 1, 0, 0, 0)
e˘5 = h ([thermodynamic temperature]) = (0, 0, 0, 0, 1, 0, 0)
e˘6 = h ([amount of substance]) = (0, 0, 0, 0, 0, 1, 0)
e˘7 = h ([luminous intensity ]) = (0, 0, 0, 0, 0, 0, 1)
with e˘i ∈ Z7 .
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Isomorphism between classes of physical quantities and Z7
IV
We will adopt the Conway abbreviation [Conway, 1999c] for
the components of lattice points and write
Example
e˘3
.
= h ([time]) = (0, 0, 1, 0, 0, 0, 0) as (02104) .
One could object that some derived physical quantities (rms of
a quantity, noise spectral density, specific detectivity, thermal
inertia, thermal effusivity, . . . ) are defined as the square root
of some product or quotient of other physical quantities.
We define these derived physical quantities as fractional
physical quantities where the coordinates fi ∈ Q do not
comply with the above definition for a physical quantity.
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Isomorphism between classes of physical quantities and Z7
V
Each of these fractional physical quantities are, by a proper
exponentiation, transformed to a physical quantity having
integer exponents for the base quantities bi .
We know that the concept energy occurs in different forms in
physics and that we use dedicated words as: energy, potential
energy, kinetic energy, work, Lagrange function, Hamilton
function, Hartree energy, ionization energy, electron affinity,
electro-negativity, dissociation energy. . . in our formulations of
physical relations.
The equivalence class that we denote [E ]∼ represents all these
quantities.
Consider the ordered septuple (α, β, γ, δ, , ζ, η) ∈ Z7 formed
by the dimensional exponents of a physical quantity Q.
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 31 / 147
Isomorphism between classes of physical quantities and Z7
VI
We rename the ordered septuple so that f1 = α , f2 = β ,
f3 = γ , . . . f7 = η .
We associate the ordered septuple (α, β, γ, δ, , ζ, η) to a
lattice point f˘ = (f1, . . . , f7) .
The properties of Z7 are derived from the general case Zn
where n = 7 and are found in several publications
[Conway, 1999c].
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Go¨del encoding of physical quantities up to a signed
permutation
We encode each integer lattice point of Z7+, that is the integral
domain of Z7, by using a similar scheme to the Go¨del encoding
[Feferman, 1986].
Definition
φn(f1, . . . , fn) =
n∏
i=1
pfii , (2)
where pi is the i-th prime number, f˘ = (f1, . . . , fn) and fi ∈ Z+ .
Example
φ7(2, 2, 1, 0, 0, 0, 0) = 2
2 · 32 · 51 · 70 · 110 · 130 · 170 = 180
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Powerful numbers
Definition
Let k ≥ 2 be an integer. A natural number nk is said to be
powerful of type k if nk = 1 or if each prime factor of nk divides it
at least to the k-th power [Kra¨tzel, 1988].
Powerful numbers of type k are also called k-full numbers.
If k = 2 then we say square-full number.
If k = 3 then we say cube-full number.
The canonical representation is given by:
nk =
r∏
i=1
pfii , (3)
where pi is the i-th prime number, fi ≥ k for i = 1, 2, . . . , r .
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Go¨del walk in a 7-dimensional integer lattice I
Definition
A walk of length k in Z7 is a non-empty alternating sequence
v˘0e0v˘1e1 . . . ek−1v˘k of vertices v˘i and edges ei in Z7 such that
ei = {v˘i , v˘i+1} for all i < k .
Definition
The Go¨del walk in Z7 is a walk through the integer sublattice Z7+
with inclusion relation ≤ applied to the Go¨del encoding.
The Go¨del walk generates a series of segments in Z+ . The
segments are known in number theory as the prime gaps g(p) = m
of gap length m.
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Go¨del walk in Z25+ .
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Figure: Go¨del walk in Z25+ .
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Properties of the Go¨del walk in a 7-dimensional integer
lattice I
All the leader class representatives are located on the Go¨del
walk.
When the Go¨del walk is performed in Z25 then all the first 100
non-negative integers will be visited.
When restricting the dimension to n = 7 we find 67
non-negative integers that will be visited.
The successive lattice points of the Go¨del walk are orthogonal
when calculated for the first 100 lattice points in the integer
lattice Z25 .
Observe that the Go¨del walk represents a unique walk in Zn,
where d ∈ N because it requires orthogonality between
successive lattice points and because it minimizes the function
φn at each lattice point.
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Properties of the Go¨del walk in a 7-dimensional integer
lattice II
There are 23 segments in Z+ for a Go¨del walk in Z7 for the
first 100 non-negative integers.
There are 28 segments in Z+ for a Go¨del walk in Z3 for the
first 100 non-negative integers.
The orthogonality between successive lattice points is
preserved within the segments that have more than 1 lattice
point.
Observe that the leader class representative has always the
smallest Go¨del number of the class vertices.
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Geometric representation of form equations between
physical quantities
Theorem (4-point theorem of physical form equations)
The form equation [z ] = [κ][x ][y ] is physically valid, with
[κ], [x ], [y ], [z ] distinct classes of physical quantities obeying the
properties:
h−1 ([z ]) ◦ h ([z ]) = [z ], h−1 ([κ]) ◦ h ([κ]) = [κ],
h−1 ([x ]) ◦ h ([x ]) = [x ], h−1 ([y ]) ◦ h ([y ]) = [y ] ,
if and only if, the 4-cycle o˘y˘ z˘ x˘ o˘ is a parallelogram in the integer
lattice Z7 and h ([x ]) = x˘ , h ([y ]) = y˘ , h ([z ]) = z˘ , h ([κ]) = o˘ are
distinct integer lattice points with o˘ being the origin of the integer
lattice Z7 .
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Parallelogram o˘y˘ z˘ x˘ o˘ representing the form equation
[z ] = [κ][x ][y ] in Z7 .
x z
yo
Figure: Parallelogram o˘y˘ z˘ x˘ o˘ representing the form equation
[z ] = [κ][x ][y ] in Z7 .
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Geometric representation of form equations between
physical quantities
We explore the integer lattice and search for a constellation
where the elements of the constellation are forming a
parallelogram o˘y˘ z˘ x˘ o˘.
The followed approach was to select two fixed points o˘, z˘ and
to vary the point x˘ and derive the coordinates of the lattice
point y˘ .
For ease of calculation perimeters of triangles pt instead of
parallelograms pp were calculated and then converted.
The fixed point to start the survey through the integer lattice
was selected to be z˘ = (2, 1,−2, 0, 0, 0, 0) .
The question became now more specific: Which lattice points
are generating triangles representing an energy constellation
between physical quantities and how many of these triangles
have the same perimeter?
Two polygons are called isoperimetric [Audet, 2007] if they
have the same perimeter.
A program in MATLAB R© was first created, but rapidly
computational/memory problems occurred due to the large
amount of data to be processed.
The program was adapted and written in the programming
language C# .
The algorithm A is given in the appendix.
The absolute frequency of occurrence of these parallelogram
perimeters pp are tabulated as a sequence of non-negative
integers and represented graphically for z˘ = E˘ , as a discrete
value distribution[Barford, 1990].
We observed that the constellations representing energy are
connected through the discrete value distribution in such a
way that the frequency f is identical to the order n of a graph
G of vertices representing relations between physical
quantities and edges representing a connection between
relations of physical quantities.
This approach is similar to the one followed by Wigner where
the laws of nature are the entities to which the symmetry laws
apply [Wigner, 1964].
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Discrete value distribution of parallelogram perimeters pp
in Z7 resulting in the physical quantity energy.
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Figure: Discrete value distribution of parallelogram perimeters pp in Z7
resulting in the physical quantity energy.
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Unique parallelograms resulting in the physical quantity
energy.
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Figure: Unique parallelograms resulting in the physical quantity energy.
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Discrete value distribution of parallelogram perimeters pp
in Z7 resulting in the physical quantity force.
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Figure: Discrete value distribution of parallelogram perimeters pp in Z7
resulting in the physical quantity force.
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Unique parallelograms resulting in the physical quantity
force.
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Figure: Unique parallelograms resulting in the physical quantity force.
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Bicoloring patterns of a 4-cycle representing a form
equation between physical quantities
The hypothesis of the existence of rules that have to be respected
by the laws of physics, has been proposed by Wigner and Feynman,
see Lange [Lange, 2009]. We elaborate on this problem by proving
one of these rules applicable for ternary form equations
[z ] = [κ][x ][y ] between the distinct physical quantities
[κ], [x ], [y ], [z ] . The rule constraints the bicoloring of 4-cycles
[Quattrocchi, 2001, Gionfriddo, 2010a, Gionfriddo, 2010b] in Z7 .
Theorem
Any ternary equation [z ] = [κ][x ][y ] between distinct physical
quantities [κ], [x ], [y ], [z ] represents a distinct coloring pattern
(psc (o˘) ,psc (x˘) , psc (y˘) , psc (z˘)) that is an element of the set of
coloring patterns {(0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, 1), (0, 1, 1, 0)} .
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Invariance of the isoperimetric distribution I
Theorem
The isoperimetric distribution, for parallelograms containing the
integer lattice points o˘ and z˘ , is invariant when the coordinates of
the integer lattice point z˘ are subjected to a signed permutation.
Proof.
The isometric property of the above mapping and mapping
combinations is the origin of the invariance in the isoperimetric
distribution [Conway, 1999b]. The perimeter of the parallelogram
is based on the Euclidean distance (`2-distance) between the
lattice points and so neither a permutation of the coordinates nor
a change in the sign of the coordinates will modify the value of the
distance between the lattice points.
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Invariance of the isoperimetric distribution II
Each signed permutation matrix is an orthogonal matrix
[Conway, 1999b].
Example
The components of the physical quantity force, represented by (1,
1, -2, 0, 0, 0, 0), and the components of the physical quantity
angular momentum, represented by (2, 1, -1, 0, 0, 0, 0), have the
same isoperimetric distribution.
Example
The components of the physical quantity mass, represented by (0,
1, 0, 0, 0, 0, 0), and the components of the physical quantity
frequency, represented by (0, 0, -1, 0, 0, 0, 0), have the same
isoperimetric distribution.
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 48 / 147
Invariance of the isoperimetric distribution III
The fact that some physical quantities are related through a
signed permutation implies that these physical quantities are
qualitatively indistinguishable.
Feynman remarks that:
“the fundamental laws of physics, when discovered,
can appear in so many different forms that are not
apparently identical at first, but with a little
mathematical fiddling you can show the relationship”
[Feynman, 1966].
These many different forms are what we define as the
constellations of the physical quantity and the graphs of order
n express the relationship between these geometrical forms.
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Additive partitioning of leader classes
The encoding of the leader classes with a Go¨del number allows
the factorization of the Go¨del number in distinct factors.
Richard J. Mathar (http://home.strw.leidenuniv.nl/ mathar/)
has listed in the OEIS [OEIS, 2011] the integer series
A045778 that gives the factorization of non-negative integers
up to n = 1500.
A signed permutation can be found that maps the factored
equations to equivalent equations of the desired physical
quantity that is an element of the leader class.
We show the method for the physical quantity energy. The leader
class for energy is [22104]. It has Go¨del number
φ7(2210000) = 180 . From the OEIS[OEIS, 2011] A045778 series
we find as factorizations:
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4-factorization of the leader class [22104]
The 4-factoring results in 1 form equation that represents a 5-ary
equation.
180 = 2× 3× 5× 6
1 (2, 2, 1, 0, 0, 0, 0) =
(0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (0, 0, 1, 0, 0, 0, 0) + (1, 1, 0, 0, 0, 0, 0);
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3-factorization of the leader class [22104]
The 3-factoring results in 8 form equations that represent each a
4-ary equation.
180 = 2×3×30 = 2×5×18 = 2×6×15 = 2×9×10 = 3×4×15 = 3×5×12 = 3×6×10 = 4×5×9
1 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (1, 1, 1, 0, 0, 0, 0)
2 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (0, 0, 1, 0, 0, 0, 0) + (1, 2, 0, 0, 0, 0, 0)
3 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (1, 1, 0, 0, 0, 0, 0) + (0, 1, 1, 0, 0, 0, 0)
4 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (0, 2, 0, 0, 0, 0, 0) + (1, 0, 1, 0, 0, 0, 0)
5 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (2, 0, 0, 0, 0, 0, 0) + (0, 1, 1, 0, 0, 0, 0)
6 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (0, 0, 1, 0, 0, 0, 0) + (2, 1, 0, 0, 0, 0, 0)
7 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (1, 1, 0, 0, 0, 0, 0) + (1, 0, 1, 0, 0, 0, 0)
8 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (2, 0, 0, 0, 0, 0, 0) + (0, 0, 1, 0, 0, 0, 0) + (0, 2, 0, 0, 0, 0, 0)
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2-factorization of the leader class [22104]
The 2-factoring results also in 8 form equations that represent each
a ternary equation.
180 = 2× 90 = 3× 60 = 4× 45 = 5× 36 = 6× 30 = 9× 20 = 10× 18 = 12× 15
1 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 0, 0, 0, 0, 0) + (1, 2, 1, 0, 0, 0, 0)
2 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 1, 0, 0, 0, 0, 0) + (2, 1, 1, 0, 0, 0, 0)
3 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (2, 0, 0, 0, 0, 0, 0) + (0, 2, 1, 0, 0, 0, 0)
4 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 0, 1, 0, 0, 0, 0) + (2, 2, 0, 0, 0, 0, 0)
5 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 1, 0, 0, 0, 0, 0) + (1, 1, 1, 0, 0, 0, 0)
6 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (0, 2, 0, 0, 0, 0, 0) + (2, 0, 1, 0, 0, 0, 0)
7 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (1, 0, 1, 0, 0, 0, 0) + (1, 2, 0, 0, 0, 0, 0)
8 (2, 2, 1, 0, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 0) + (2, 1, 0, 0, 0, 0, 0) + (0, 1, 1, 0, 0, 0, 0)
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Mapping of the factored form equations I
The absolute leader class [22104] is representative for the physical
quantity energy.
We infer the existence of 17 form equations representing the
physical quantity energy.
The signed permutation matrix Penergy transforms the absolute
leader class representative (2, 2, 1, 0, 0, 0, 0) in the lattice point
(2, 1,−2, 0, 0, 0, 0) and is given below:
Penergy =

1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

(4)
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Mapping of the factored form equations II
We apply the matrix Penergy on the 17 equations that represent the
additive partitions of the leader class representative (2,2,1,0,0,0,0).
The columns marked i˘ , j˘ , k˘, l˘ and m˘ contain the 17 lattice points
in Z7 forming the energy constellation.
i˘ j˘ k˘ l˘ m˘ form
(07) (1, 06) (0, 0,−1, 04) (0, 1, 05) (1, 0,−1, 04) E1 = κ1xνmv
(07) (1, 06) (0, 0,−1, 04) (1, 1,−1, 04) (07) E2 = κ2xνp
(07) (1, 06) (0, 1, 05) (1, 0,−2, 04) (07) E3 = κ3xma
(07) (1, 06) (1, 0,−1, 04) (0, 1,−1, 04) (07) E4 = κ4xv
∂m
∂t
(07) (1, 06) (0, 0,−2, 04) (1, 1, 05) (07) E5 = κ5xν2
∫
mdx
(07) (0, 0,−1, 04) (2, 06) (0, 1,−1, 04) (07) E6 = κ6νx2
∂m
∂t
(07) (0, 0,−1, 04) (0, 1, 05) (2, 0,−1, 04) (07) E7 = κ7νm
∂A
∂t
(07) (0, 0,−1, 04) (1, 0,−1, 04) (1, 1, 05) (07) E8 = κ8νv
∫
mdx
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Mapping of the factored form equations III
(07) (2, 06) (0, 1, 05) (0, 0,−2, 04) (07) E9 = κ9x2mν2
(07) (1, 06) (1, 1,−2, 04) (07) (07) E10 = κ10xF
(07) (0, 0,−1, 04) (2, 1,−1, 04) (07) (07) E11 = κ11νJ
(07) (2, 06) (0, 1,−2, 04) (07) (07) E12 = κ12x2
∂2m
∂t2
(07) (0, 1, 05) (2, 0,−2, 04) (07) (07) E13 = κ13mv2
(07) (1, 0,−1, 04) (1, 1,−1, 04) (07) (07) E14 = κ14vp
(07) (0, 0,−2, 04) (2, 1, 05) (07) (07) E15 = κ15ν2
∫ ∫
mdA
(07) (1, 1, 05) (1, 0,−2, 04) (07) (07) E16 = κ16a
∫
mdx
(07) (2, 0,−1, 04) (0, 1,−1, 04) (07) (07) E17 = κ17
∂A
∂t
∂m
∂t
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Mapping of the factored form equations IV
The symbols used in the column form have the following
interpretation: Ei : energy; x : position, distance; t: time; ν:
frequency; m: mass; A: area; v : speed; F : force; J: angular
momentum; p: linear momentum; a: acceleration; κi :
dimensionless variable.
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Factorization of the Go¨del number ≤ 1500 in i distinct
factors I
leader class deg psc (z˘) N(z˘) vertices Go¨del number F2 F3 F4 F5
[07] 0 0 0 1 1 0 0 0 0
[106] 1 1 1 14 2 0 0 0 0
[206] 2 0 4 14 4 0 0 0 0
[1205] 2 0 2 84 6 1 0 0 0
[306] 3 1 9 14 8 1 0 0 0
[2105] 3 1 5 168 12 2 0 0 0
[3105] 4 0 10 168 24 3 1 0 0
[1304] 3 1 3 280 30 3 1 0 0
[2205] 4 0 8 84 36 3 1 0 0
[21204] 4 0 6 840 60 5 3 0 0
[3205] 5 1 13 168 72 5 3 0 0
[31204] 5 1 11 840 120 7 7 1 0
[22104] 5 1 9 840 180 8 8 1 0
[1403] 4 0 4 560 210 7 6 1 0
[3205] 6 0 18 84 216 7 8 1 0
[32104] 6 0 14 1680 360 11 17 5 0
[21303] 5 1 7 2240 420 11 15 4 0
[31303] 6 0 12 2240 840 15 29 13 1
[2304] 6 0 12 280 900 12 20 7 0
[32104] 7 1 19 840 1080 15 33 17 1
[221203] 6 0 10 3360 1260 17 35 16 1
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Factorization of the Go¨del number ≤ 1500 in i distinct
factors II
The same methodology, as shown for the physical quantity
energy, can be applied to any physical quantity.
This will then generate for that physical quantity its complete
set of generic form equations.
The enumeration for common leader classes with Go¨del
number ≤ 1500 of the factorization of the Go¨del number in i
distinct factors.
The number of distinct factors is found in the respective
columns Fi where i ∈ [2, . . . , 5] .
We conclude that there is a finite number of distinct form
equations for each physical quantity.
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Linear independence and orthogonality between classes of
physical quantities I
The representation of a class of physical quantities in Z7 gives
the means to study the linear independence and the
orthogonality between classes of physical quantities.
Consider z˘ = o˘ + x˘ + y˘ and form the inner product
z˘ · y˘ = o˘ · y˘ + x˘ · y˘ + y˘ · y˘ .
The classes [x ] and [y ] are orthogonal when x˘ · y˘ = 0 .
We find z˘ · y˘ = y˘ · y˘ which shows a linear relationship between
‖z˘‖2 and ‖y˘‖2 .
So, an equation [z ] = [κ][x ][y ] in which the classes [x ] and [y ]
are orthogonal expresses a linear relationship between [z ] and
[x ] or between [z ] and [y ] .
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Linear independence and orthogonality between classes of
physical quantities II
We underline the difference between linearly independent
physical quantities and orthogonal physical quantities
[Rodgers, 1984].
From these properties we define 6 types of pairwise combinations
of [x ] and [y ] :
1 x˘ · y˘ > 0 and 2× 7 matrix rank = 2 (not orthogonal with
positive inner product, linearly independent)
2 x˘ · y˘ = 0 and 2× 7 matrix rank = 2 (orthogonal, linearly
independent)
3 x˘ · y˘ < 0 and 2× 7 matrix rank = 2 (not orthogonal with
negative inner product, linearly independent)
4 x˘ · y˘ > 0 and 2× 7 matrix rank < 2 (not orthogonal with
positive inner product, linearly dependent)
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Linear independence and orthogonality between classes of
physical quantities III
5 x˘ · y˘ = 0 and 2× 7 matrix rank < 2 (orthogonal, linearly
dependent)
6 x˘ · y˘ < 0 and 2× 7 matrix rank < 2 (not orthogonal with
negative inner product, linearly dependent)
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Decompositions of a vertex in pairwise orthogonal vertices I
The decomposition of a vertex z˘ in pairwise orthogonal vertices x˘
and y˘ assumes the existence of a system of Diophantine equations:
x˘ + y˘ − z˘ = 0˘ , (5a)
x˘ · y˘ = 0 , (5b)
where x˘ , y˘ , z˘ ∈ Z7 . We eliminate y˘ from the equation (5b) and
find:
x˘ · x˘ − x˘ · z˘ = 0 . (6)
We apply the method of “completing the square” and write
equation (6) as:
(x˘ − z˘
2
)2 = (
z˘
2
)2 , (7)
that represents a 7-sphere with center at
z˘
2
with radius ‖ z˘
2
‖2 .
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Decompositions of a vertex in pairwise orthogonal vertices
II
We note that the hyper-surface area of a unit radius
hypersphere reaches a maximum in a 7-dimensional space
[Weisstein, 2012].
The center of the 7-sphere is only a lattice point of Z7 if all
the coordinates of z˘ are even.
The solution set of the equation (7) are the integer lattice
points incident on the 7-sphere and thus is a finite set.
It is obvious that a bijection exists between the physical
quantity having the vertex z˘ and the 7-sphere with equation
(7).
A closed form for the solution set is not known to the author.
We use the brute force method and list the vertices of 524287
parallelograms o˘x˘ z˘ y˘ embedded in Z7 representing equations
[z ] = [κ][x ][y ] .
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Decompositions of a vertex in pairwise orthogonal vertices
III
From this listing, we find parallelograms that have the
property of being a rectangle.
Let Qn = # (On) represent the cardinality of the set of
pairwise orthogonal vertices in Zn × {0}7−n with dimension
n ∈ N where 2 ≤ n ≤ 7 .
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Cardinality of sets of pairwise orthogonal vertices resulting
in the representative vertex of the leader class I
The first column is the row identifier.
The second column represents the infinity norm s of the
polytope shell.
The third column lists the absolute leader classes [z˘ ].
The fourth column gives the total degree “deg” of the leader
classes.
The fifth column contains N(z˘) ≡ m (mod 2) where N(z˘) is
the square of the radius of the 7-sphere associated to the
representative vertex z˘ of the leader class [z˘ ].
From column 6 to column 11 the cardinality Qn is given as
function of the dimension n ∈ N of Zn × {0}7−n where
2 ≤ n ≤ 7 .
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Cardinality of sets of pairwise orthogonal vertices resulting
in the representative vertex of the leader class II
Id s absolute leader class deg N(z˘) ≡ m (mod 2) Q2 Q3 Q4 Q5 Q6 Q7
1 1 [106] 1 N(z˘) ≡ 1 (mod 2) 0 0 0 0 0 0
2 1 [1205] 2 N(z˘) ≡ 0 (mod 2) 1 1 1 1 1 1
3 1 [1304] 3 N(z˘) ≡ 1 (mod 2) 2 3 3 3 3 3
4 1 [1403] 4 N(z˘) ≡ 0 (mod 2) 3 7 7 7 7 7
5 1 [1502] 5 N(z˘) ≡ 1 (mod 2) 3 7 15 15 15 15
6 1 [160] 6 N(z˘) ≡ 0 (mod 2) 3 7 15 15 31 31
7 1 [17] 7 N(z˘) ≡ 1 (mod 2) 3 7 15 15 31 63
8 2 [206] 2 N(z˘) ≡ 0 (mod 2) 1 2 3 4 5 6
9 2 [2105] 3 N(z˘) ≡ 1 (mod 2) 1 3 5 7 9 11
10 2 [21204] 4 N(z˘) ≡ 0 (mod 2) 1 3 7 11 15 19
11 2 [2205] 4 N(z˘) ≡ 0 (mod 2) 1 5 11 19 29 41
12 2 [21303] 5 N(z˘) ≡ 1 (mod 2) 3 7 7 15 23 31
13 2 [22104] 5 N(z˘) ≡ 1 (mod 2) 4 4 12 24 40 60
14 2 [221203] 6 N(z˘) ≡ 0 (mod 2) 3 9 11 27 51 83
15 2 [2304] 6 N(z˘) ≡ 0 (mod 2) 1 3 15 39 79 139
16 2 [221302] 7 N(z˘) ≡ 1 (mod 2) 3 9 11 27 59 107
17 2 [23103] 7 N(z˘) ≡ 1 (mod 2) 3 7 13 39 89 171
18 3 [306] 3 N(z˘) ≡ 1 (mod 2) 0 4 12 24 40 60
19 3 [3105] 4 N(z˘) ≡ 0 (mod 2) 3 3 11 27 51 83
20 3 [31204] 4 N(z˘) ≡ 1 (mod 2) 7 11 11 27 59 107
21 3 [3205] 5 N(z˘) ≡ 1 (mod 2) 1 3 13 39 89 171
22 3 [31303] 6 N(z˘) ≡ 0 (mod 2) 7 11 31 31 63 127
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Cardinality of sets of pairwise orthogonal vertices resulting
in the representative vertex of the leader class III
22 3 [3205] 6 N(z˘) ≡ 0 (mod 2) u u u u u u
23 3 [32104] 6 N(z˘) ≡ 0 (mod 2) 3 7 15 39 95 199
24 3 [321203] 7 N(z˘) ≡ 1 (mod 2) 4 20 60 260 620 1460
25 3 [322103] 8 N(z˘) ≡ 0 (mod 2) 3 15 25 61 145 341
26 3 [321203] 8 N(z˘) ≡ 0 (mod 2) 3 23 47 63 207 479
27 3 [322103] 9 N(z˘) ≡ 1 (mod 2) 3 7 23 79 263 671
28 4 [406] 4 N(z˘) ≡ 0 (mod 2) 1 2 11 44 125 286
29 4 [4105] 5 N(z˘) ≡ 1 (mod 2) 1 7 17 47 129 311
30 4 [42104] 7 N(z˘) ≡ 1 (mod 2) 7 7 31 79 191 471
31 4 [43104] 8 N(z˘) ≡ 1 (mod 2) 5 11 27 99 339 923
32 4 [422103] 9 N(z˘) ≡ 1 (mod 2) 7 23 30 120 330 796
33 4 [431203] 9 N(z˘) ≡ 1 (mod 2) 5 23 39 111 327 975
34 4 [432103] 10 N(z˘) ≡ 1 (mod 2) 5 23 47 135 415 1287
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Rectangles embedded in Z3 × {0}4 representing ternary
equations of energy
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Figure: Rectangles embedded in Z3 ×{0}4 representing ternary equations
of energy
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Compatible physical quantities I
Two physical quantities [x ] and [y ] are called by Schwinger
compatible [Schwinger, 1959] when the measurement of [x ]
does not destroy the knowledge gained by the prior
measurement of [y ] .
The property of compatibility of physical quantities is related
to the orthogonality of [x ] and [y ] .
Pairwise orthogonal physical quantities are incident on unique
7-spheres that are forming finite sets.
So, each leader class representative has a unique leader
hypersphere associated to it.
A complete set of compatible physical quantities
{[x1], [x2], . . . , [xk ]} is a set for which every pair of these
physical quantities is compatible and that no other physical
quantities exist apart from functions of the set that are
compatible with every member of this set [Schwinger, 1959].
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Compatible physical quantities II
We know already one of these sets which is
B
.
= {[l ], [m], [t], [i ], [T ], [n], [L]} .
Each of the complete sets will have to comply with
7∑
i=1
i = 28
orthogonality conditions expressed between the physical
quantities of the complete set.
Observe that the orthogonality property between physical
quantities in Z7 is related to the property of commuting
operators in quantum physics.
Two incompatible physical quantities will generate Heisenberg
type inequalities [Paty, 1999].
The Heisenberg relation ∆x∆p ≥ ~ expresses the degree of
correlation between position and linear momentum of a
particle.
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Compatible physical quantities III
When the mean in the correlation formula becomes zero then
the correlation formula is reduced to the orthogonality formula
[Rodgers, 1984].
The lattice points x˘ and p˘, that represent respectively
position and linear momentum are non-orthogonal, while the
sum of the vertices results in the vertex with coordinates
(2, 1,−1, 0, 0, 0, 0) that represents the angular momentum J˘
in Z7 .
Observe that the leader class [21204] has only 19 pairwise
orthogonal physical quantities in Z7 .
The fundamental constants {G ,h,1/c} [Uzan, 2008] are
incompatible physical quantities and thus should not be
considered as the variables of the “cube of physical theories”
[Uzan, 2008, Duff, 2002, Okun, 1991], because there is no
freedom in choosing a point in this cube.
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Compatible physical quantities IV
However, we note that the physical quantities of the set
{G ,h,1/c} are linearly independent.
Planck [Uzan, 2008] proposed the physical quantities: Planck
length lP =
√
G~
c3
, the Planck mass mP =
√
~c
G
and the
Planck time tP =
√
~G
c5
, that form a set of compatible
physical quantities.
We conclude that pairwise orthogonal physical quantities are
compatible and could generate operators that are commuting
while pairwise non-orthogonal physical quantities are
incompatible and could generate operators that are not
commuting.
The majority of pairs of physical quantities, that can generate
operators, will result in non-commuting operators.
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Outline of Future work
5 Future work
Spherical codes for physical quantities?
Relation between 7-spheres and the leader classes
Bounds on the number of points of spherical code for angles larger
than 90 degrees
Advantages and disadvantages of converting leader vectors to binary
vectors
Galois field representation of physical quantities?
Codes over Euclidean rings of algebraic integers
Factorization based on divisibility?
Partitions
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Spherical codes for physical quantities? I
Definition
We call a finite subset X of Ωn a spherical code and say that X
has minimal angle φ if φ is the largest number for which x · y ≤ φ
for any x , y ∈ X , x 6= y .
where Ωn = {(x1, . . . , xn) ∈ Rn :
∑
x2i = 1} [Conway, 1999d] .
Consider the (x1, . . . , xn) as the normed lattice points of Z7
Consider the case of the unit 7-sphere Ω7.
What is the largest angular separation that can be attained in
a spherical code on Ω7 containing M points?
Find lower bounds for A(7, φ).
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Spherical codes for physical quantities? II
Any lattice point in Z7 has N = 2× 7 = 14 neighbors at
distance u = 1 being the centers of spheres with radius
ρ = 0.5 and this shell of points is considered as a spherical
code of size N = 14. The minimal angle is
φ = 2 arcsin(ρ/u) = 60 ◦.
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 76 / 147
Relation between 7-spheres and the leader classes I
The cardinality of the leader classes is related to the theta
series of the integer lattice Z7.
We find in the OEIS [OEIS, 2011] the sequence A008451
given by r7(N) = 1, 14, 84, 280, 574, 840, 1288, 2368, 3444,
3542, 4424, 7560, 9240, 8456, 11088, 16576, 18494, 17808,
19740, 27720, 34440, 29456, 31304, 49728, 52808, 43414,
52248, 68320, 74048, 68376, 71120, 99456, 110964, 89936,
94864, 136080 . . . .
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Relation between 7-spheres and the leader classes II
Remark
The sequence A008451 represents the number of ways of writing a
positive integer N as a sum of 7 integral squares and is defined by:
ΘZ7(z) =
∞∑
N=0
r7(N)q
N , (8)
where q = epiiz and N is the norm of the lattice point
[Conway, 1999a].
The union of absolute leader classes with norm N(f˘ ) is forming a
lattice shell [Vasilache, 2002, Vasilache, 2003, Bruhn, 2008]. The
enumeration table gives the relation between the sequence
A008451 and the partitioning of 7-spheres in absolute leader
classes.
N disjunct union of absolute leader classes r7(N)
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Relation between 7-spheres and the leader classes III
0 [07] 1
1 [106] 14
2 [1205] 84
3 [1304] 280
4 [1403] ∪ [206] 574
5 [1502] ∪ [2105] 840
6 [160] ∪ [21204] 1288
7 [17] ∪ [21303] 2368
8 [2205] ∪ [21402] 3444
9 [22104] ∪ [2150] ∪ [306] 3542
10 [221203] ∪ [216] ∪ [3105] 4424
11 [221302] ∪ [31204] 7560
12 [2304] ∪ [22140] ∪ [31303] 9240
13 [23103] ∪ [2215] ∪ [3205] ∪ [31402] 8456
14 [231202] ∪ [32104] ∪ [3150] 11088
15 [23130] ∪ [321203] ∪ [316] 16576
16 [2403] ∪ [2314] ∪ [321302] ∪ [406] 18494
17 [24102] ∪ [32204] ∪ [32140] ∪ [4105] 17808
18 [24120] ∪ [3205] ∪ [322103] ∪ [3215] ∪ [41204] 19740
19 [2413] ∪ [32104] ∪ [3221202] ∪ [41303] 27720
20 [2502] ∪ [321203] ∪ [322130] ∪ [41402] ∪ [4205] 34440
21 [2510] ∪ [32303] ∪ [321302] ∪ [32214] ∪ [4150] ∪ [42104] 29456
22 [2512] ∪ [32204] ∪ [323102] ∪ [32140] ∪ [416] ∪ [421203] 31304
23 [322103] ∪ [323120] ∪ [3215] ∪ [421302] 49728
24 [260] ∪ [3221202] ∪ [32313] ∪ [42140] ∪ [42204] 52808
25 [261] ∪ [32402] ∪ [322130] ∪ [4215] ∪ [422103] ∪ [4305] ∪ [506] 43414
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Relation between 7-spheres and the leader classes IV
26 [322203] ∪ [32410] ∪ [32214] ∪ [4221202] ∪ [43104] ∪ [5105] 52248
27 [3304] ∪ [3222102] ∪ [32412] ∪ [422130] ∪ [431203] ∪ [51204] 68320
28 [27] ∪ [33103] ∪ [3222120] ∪ [42214] ∪ [42303] ∪ [431302] ∪ [51303] 74048
29 [331202] ∪ [3250] ∪ [322213] ∪ [423102] ∪ [43140] ∪ [43204] ∪ [51402] ∪ [5205] 68376
30 [322302] ∪ [33130] ∪ [3251] ∪ [423120] ∪ [4315] ∪ [432103] ∪ [5150] ∪ [52104] 71120
31 [33203] ∪ [322310] ∪ [3314] ∪ [42313] ∪ [4321202] ∪ [516] ∪ [521203] 99456
32 [332102] ∪ [322312] ∪ [42402] ∪ [4205] ∪ [432130] ∪ [521302] 110964
33 [332120] ∪ [326] ∪ [42410] ∪ [42104] ∪ [43214] ∪ [432203] ∪ [52140] ∪ [52204] 89936
34 [32240] ∪ [33213] ∪ [42412] ∪ [4322102] ∪ [43204] ∪ [421203] ∪ [5215] ∪ [522103] ∪ [5305] 94864
35 [332202] ∪ [32241] ∪ [432103] ∪ [421302] ∪ [4322120] ∪ [5221202] ∪ [53104] 136080
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Shadow of the absolute leader classes of 7-dimensional
integer lattice on S2-sphere
Figure: Shadow of the absolute leader classes of 7-dimensional integer
lattice on S2-sphere
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 81 / 147
Bounds on the number of points of spherical code for
angles larger than 90 degrees I
The bounds on A(n, φ) for n = 7 are:
A(7, φ) = 1 for pi < φ ≤ 2pi .
A(7, φ) = (1− sec(φ)) for sec−1(−7) < φ ≤ pi .
A(7, φ) = 7 + 1 for pi/2 < φ ≤ sec−1(−7) .
For a n-dimensional regular cross-polytope C4n we have
A(7, pi/2) = 2× 7.
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Advantages and disadvantages of converting leader vectors
to binary vectors
The maximum code in Conway’s notation for common SI
physical quantities is [(10)43203] representing the absolute
leader class vector for the second hyper-polarizability.
A possible conversion of [(10)43203] results in the binary code:
(1010,0100,0011,0010,0000,0000,0000) containing 28 bits.
Observe that the absolute leader class vectors of all presently
known physical quantities could be represented by binary
codes of only 16 bits!
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Galois field representation of physical quantities?
Consider GF(pn) where p is a prime number.
Consider the exponents in
dim(q) = xα + xβ + xγ + xδ + x + xζ + xη for the absolute
leader class vector (α, β, γ, δ, , ζ, η) with
α, β, γ, δ, , ζ, η ∈ N .
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Codes over Euclidean rings of algebraic integers
Consider codes over the ring Z[i ] of Gaussian integers where
i =
√
(− 1) is a primitive 4th root of unity.
Consider codes over the ring Z[ω] of Gaussian integers where
ω = (1 + i
√
(3))/2 is a primitive 6th root of unity.
Consider the factors of the odd prime numbers 3,5,7,11,13,17.
Consider the quadratic extension field Q(
√
(d)) of the
rational field Q.
It is well known that the only values of d for which the
imaginary number fields Q(
√
(d)) are Euclidean domains are
−1,−2,−3,−7 and −11 [Pires da No´brega Neto, 2001].
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Factorization based on divisibility?
180{L,L,M,M,T}
36{L,L,M,M} 60{L,L,M,T} 90{L,M,M,T}
12{L,L,M} 18{L,M,M} 20{L,L,T} 30{L,M,T} 45{M,M,T}
4{L,L} 6{L,M} 9{M,M} 10{L,T} 15{M,T}
2{L} 3{M} 5{T}
1{}
Figure: Factorization of energy based on the divisibility relation| between
the natural numbers.
The lattice < energy ,≤>, representing the factorization of energy,
has a chain C with length l(C ) = 5 and thus the length of the
poset energy is 5 .
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Partitions I
Definition
A partition f˘ is a n-tuple of non-increasing positive integers
f1 > f2 > . . . > fn. We call deg =
∑n
i=1 fi the size of f˘ and say
that f˘ is a partition of deg . We call n the rank of f˘ .
Every partition of deg corresponds to a way of writing deg as
a sum of positive integers.
We call P the set of all partitions.
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Partitions II
Definition
Let f˘ = (f1, f2, . . . , fn) ∈ P. Its Young diagram is a finite collection
of boxes, arranged in left-justified rows, where the i-th row
(counted from the top) contains fi boxes. We label the boxes by
pairs (i , j), where i is the row (counted from the top) and j is the
column (counted from the left) of the box.
Definition
For any f˘ ∈ P, we call its conjugate partition the partition whose
Young diagram is obtained by reflecting the Young diagram of f˘
along its main diagonal. Equivalently, you can read off from the
original diagram the columns instead of the rows. For example, the
partition (5, 3, 3, 1) has conjugate (4, 3, 3, 1, 1) . Obviously,
conjugation is an involution.
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Partitions III
Conjugation is invariant for the size of the partition but not for the
Go¨del number.
Definition
We endow P with a partial ordering. we write x˘ ≤ y˘ if the Young
diagram of x˘ is contained in the Young diagram of y˘ . Equivalently,
we have x˘ ≤ y˘ if and only if xi ≤ yi for all i ≥ 1, where we declare
undefined entries to be 0.
Lemma
The number p(deg) of partitions of deg satisfies p(deg) ≤ Fdeg+1
, where Fk denotes the k-th Fibonacci number, given by
F1 := F2 := 1 and Fn+1 := Fn + Fn−1 .
A more precise statement is known
p(deg) ≤ 1
4deg
√
3
exp (pi
√
2
3deg) .
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Partitions IV
Consider the generating function F (q) =
∑∞
deg=0 p(deg)q
deg .
Consider the generating function F (q) =
∏∞
i=1(1− qi )−1 .
Consider
∑∞
deg=0 pa(deg)q
deg =
∏a
i=1(1− qi )−1 where
pa(deg) is the number of partitions of deg into at most a
integers.
Proposition
Let pa,b(deg) be the number of partitions of deg into at most a
integers of size at most b. Then the generating function ψa,b(q)
satisfies:
ψa,b(q) =
∞∑
deg=0
pa,b(deg)q
deg =
∏a+b
i=1 (1− qi )
(
∏a
i=1(1− qi ))(
∏b
i=1(1− qi ))
(9)
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Number of partitions of a set of n distinct labeled elements
I
Consider the set B = {L,M,T , I ,Θ,N, J}. The number of ways
a(n) to partition n distinct objects into subsets is the Bell number.
For n = 7 we find B7 = 877 see OEIS sequence A000110 where
a(n) = 1, 1, 2, 5, 15, 52, 203, 877, 4140, 21147, 115975, . . . . The
distribution of the equivalence relations is found from the Stirling
numbers of the second kind, see OEIS sequence A008277 where
a(7) = 1, 63, 301, 350, 140, 21, 1 . We have for example 63 binary
relations and 301 ternary relations, etc. . . . .
Example
Consider the set {L,M,T} with n = 3 then B3 = 5 because we
have the 5 partitions: {{L,M,T}}; {{L},{M,T}}; {{M}, {L,T}};
{{T},{L,M}}; {{L},{M},{T}}.
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Complexity of n-ary relation I
Kemeny (1956) uses the ordered Bell numbers to describe the
”complexity” of an n-ary relation, by which he means the number
of other relations one can form from it by permuting and repeating
its arguments (lowering the arity with every repetition).
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Tesselation of space I
The permutohedron of order n lies entirely in the
(n − 1)-dimensional hyperplane consisting of all points whose
coordinates sum to the number 1 + 2 + . . .+ n = n(n+1)2 .
Moreover, this hyperplane can be tiled by infinitely many translated
copies of the permutohedron. Each of them differs from the basic
permutohedron by an element of a certain (n − 1)-dimensional
lattice, which consists of the n-tuples of integers that sum to zero
and whose residues (mod n) are all equal: x1 + x2 + . . .+ xn = 0
where x1 = x2 = . . . = xn (mod n). Thus, the permutohedron of
order 4 shown above tiles the 3-dimensional space by translation.
Here the 3-dimensional space is the affine subspace of the
4-dimensional space R4 with coordinates x , y , z ,w that consists of
the 4-tuples of real numbers whose sum is x + y + z + w = 10.
One easily checks that for each of the following four vectors,
(1, 1, 1,−3), (1, 1,−3, 1), (1,−3, 1, 1) and (−3, 1, 1, 1), the sum of
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Tesselation of space II
the coordinates is zero and all coordinates are congruent to 1
(mod 4). Any three of these vectors generate the translation
lattice. The tessellations formed in this way from the order-2,
order-3, and order-4 permutohedra, respectively, are the apeirogon,
the regular hexagonal tiling, and the bitruncated cubic honeycomb.
The dual tessellations contain all simplex facets, although they are
not regular polytopes beyond order-3.
Remark
The unique form equations for energy are all lying in the
hyperplane x1 + x3 = 0 .
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Principle Component Analysis of the absolute leader classes
Figure: Principle Component Analysis of the absolute leader classes of
the SI8 physical quantities
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Conclusions I
1 Mathematical expressions in physics use physical quantities
expressed in different types: scalars, vectors, multi-vectors,
matrices and tensors.
2 The scientific community adopted by convention theSI units
and listed the physical quantities.
3 The version 8 of the SI has known issues and the choice of a
system of units and the number of dimensions remain open
issues amongst physicists.
4 Unlike the organization of the chemical elements in a periodic
table, no conclusive results are published about the
organization of the physical quantities.
5 The mathematical structure of the physical quantities is
unknown!
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Conclusions II
6 Here we show that classes of physical quantities, that are
expressed according to the SI convention, are mathematically
structured as absolute leader classes known from codification
in information theory.
7 We construct the mathematical foundation for the
codification of SI physical quantities .
8 We find that signed permutation matrices are connecting the
integer lattice points and thus partition the integer lattice in
absolute leader classes.
9 The leader classes are themselves grouped, using the infinity
norm, in nested centrally symmetric 7-polytopes.
10 We prove that ternary operations between components of
physical quantities are equivalent to a parallelogram in the
integer lattice Z7 .
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Conclusions III
11 This equivalence is the basis for a computer search for
relations between physical quantities based on geometric
properties between the integer lattice points of Z7, which are
the representatives of components of physical quantities.
12 We develop an algorithm A that creates a listing of the form
equations of the type [z ] = [κ][x ][y ] where [κ], [x ], [y ], [z ]
represents components of physical quantities.
13 We find that ternary relations between physical quantities are
classified in 4 distinct 2-colouring patterns of Z7 .
14 Application of the algorithm A for the case where [z ] is
representing the class energy , results in an unique discrete
value distribution for the leader class [22104] .
15 The analysis of the discrete value distribution for the physical
quantity energy indicates the existence of unique
constellations between physical quantities.
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Conclusions IV
16 We discover that the unique constellations representing energy
are all embedded in a hyperplane of the integer lattice Z7 .
17 We observed that the frequency of some constellations in the
discrete value distributions is independent of the dimension n
of the integer lattice.
18 The algorithm A that was applied for energy and also for force
is applicable to any other component of a physical quantity
resulting in the discovery of new constellations between
physical quantities.
19 The compilation of the listings generated by the algorithm A,
will result in a catalog of form equations of the type
[z ] = [κ][x ][y ] .
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Conclusions V
20 The equivalence relation z1 has the same isoperimetric
distribution as z2 applied on a finite set, representing a infinity
normed polytope of Z7, results in the codification of physical
quantities.
21 Assignment of a Go¨del number to each physical quantity in
Z7+ reveals the existence of a Go¨del walk in Z7+ .
22 An algorithm B is described for analyzing n-ary operations
based on the factorization of the Go¨del number of leader class
representatives in distinct integer factors, that will allow the
exploration of more complex constellations than
parallelograms.
23 The n-ary operations between physical quantities are
representing paths connecting the lattice points of the
constellation representing the physical quantity under study.
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Conclusions VI
24 Orthogonality and linear independence properties of the pairs
of vertices x˘ and y˘ result in classifying the ternary equations
[z ] = [κ][x ][y ] in 6 distinct types.
25 We find that each vertex z˘ can be decomposed in a finite
number of pairwise orthogonal vertices incident on a unique
7-sphere.
26 The results show that the fundamental structure organizing
the physical quantities is based on absolute leader classes and
that the enumeration of the presently common physical
quantities indicates that only a small number of absolute
leader classes have been explored.
27 The codification of physical quantities provides inherently a
predictive property for finding the form of equations between
physical quantities that are yet to be discovered!
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Conclusions VII
28 This research shows that our knowledge about the
components of physical quantities and about their
constellations is far from being understood and that large
hypervolumes of Z7, are still to be explored!
29 We expect to find new physical quantities and relationships
between the classes of physical quantities.
30 These predicted relationships should gave all physicists a
framework in their search fornew laws and relations between
physical quantities.
31 The appendices contain a preliminary codification of common
physical quantities based on the infinity normed polytopes Ps7 .
32 The appendices also contain numerical data useful as starting
point for the further exploration of the codification of physical
quantities.
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Algorithm A for the 3-cycle isoperimetric distribution I
Algorithm
Calculate for each integer lattice point x˘ of a 7-dimensional lattice the following:
1 d(o˘, z˘), the Euclidean distance from o˘ to the lattice point z˘, representing a component of a physical
quantity with coordinates (Z1, . . . , Z7) ,
2 d(x˘, o˘) , the Euclidean distance from x˘ to the origin o˘ ,
3 the cosine of the angle between x˘ and z˘ ,
4 2a = d(z˘, x˘) + d(x˘, o˘) , that is a characteristic of an ellipse,
5 the perimeter of the 3-cycle pt = d(o˘, z˘) + d(z˘, x˘) + d(x˘, o˘) ,
6 store these results in a data structure allowing sorting by perimeter,
7 query the data structure to obtain the number of lattice points x˘ generating the same triangle perimeter,
8 find for each triangle perimeter pt the number of points corresponding to this triangle perimeter and record
the discrete value distribution,
9 select the set of vertices having the same perimeter starting with the shortest 3-cycle perimeter,
10 calculate for each of these vertices the complementary vertices and write them in adjacent rows creating a
listing of increasing perimeter.
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Algorithm B for finding all the n-ary operations of a
physical quantity I
Algorithm
Execute the following steps:
1 Identify to which class the physical quantity belongs;
2 apply the function ”h” on the class of the physical quantity and identify the lattice point z˘, representing a
component of a physical quantity with coordinates (Z1, . . . , Z7) ;
3 associate to the coordinates (Z1, . . . , Z7) its leader class representative;
4 calculate using the function φ7() the Go¨del number;
5 if the Go¨del number is ≤ 1500 then;
6 open lookup table OEIS A045778 and identify the row correponding to the Go¨del number and record the
correponding factorization;
7 else
8 perform the factorization of the Go¨del number in distinct integer factors;
9 calculate using the inverse Go¨del encoding the additive partitions of the leader class representative;
10 apply the appropriate signed permutation to transform the leader class representative in the physical
quantity under investigation;
11 generate a table of forms of equations for the physical quantity under study.
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Infinity normed polytopes I
The enumeration table of infinity normed polytopes P47 consists of 8 columns. The second column is the row
identifier. The third column gives the representative of the leader class. The fourth column contains the sum of the
absolute value of the coordinates of the lattice points being elements of the leader class that is exclusively the total
degree of the monomial associated with the leader class. The fifth column gives the parity of the representative of
the leader class. The sixth column gives the `1-norm of the representative. The seventh column gives the
cardinality of the leader class. The eighth column gives the Go¨del number of the representative. Observe that for
‖x˘‖∞ = 1 the representative lattice points of the leader classes generate the successive minima Ri of the lattice
Z7 [Davenport, 2005] . The successive minima Ri are given in the column 6 and correspond to the values of N(z˘),
the norm of the lattice point and thus the representative lattice points of the leader classes for s = 1 form a set of
minimal points of the lattice Z7 [Davenport, 2005]. Observe that the leader class [22104] contains 840 integer
lattice points with the same geometrical properties as the physical quantity energy. The 7× 7 signed permutation
matrix P21−2,221 transforms all energy constellations to the leader class [22104]:
P21−2,221 =

1 0 0 0 0 0 0
0 0 −1 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

(10)
The representative of the leader class [22104] is a physical quantity that could be expressed as an integral of the
form
∫
κ(λm0)
2dt . This is the time integral of the square of the quantity with lattice point (1,1,0,0,0,0,0).
‖x˘‖∞ = s Id leader class deg psc (z˘) N(z˘) Number of vertices Go¨del number
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Infinity normed polytopes II
0 1 [07] 0 0 0 1 1
1 1 [106] 1 1 1 14 2
1 2 [1205] 2 0 2 84 6
1 3 [1304] 3 1 3 280 30
1 4 [1403] 4 0 4 560 210
1 5 [1502] 5 1 5 672 2310
1 6 [160] 6 0 6 448 30030
1 7 [17] 7 1 7 128 510510
2 1 [206] 2 0 4 14 4
2 2 [2105] 3 1 5 168 12
2 3 [21204] 4 0 6 840 60
2 4 [2205] 4 0 8 84 36
2 5 [21303] 5 1 7 2240 420
2 6 [22104] 5 1 9 840 180
2 7 [21402] 6 0 8 3360 4620
2 8 [221203] 6 0 10 3360 1260
2 9 [2304] 6 0 12 280 900
2 10 [2150] 7 1 9 2688 60060
2 11 [221302] 7 1 11 6720 13860
2 12 [23103] 7 1 13 2240 6300
2 13 [216] 8 0 10 896 1021020
2 14 [22140] 8 0 12 6720 180180
2 15 [231202] 8 0 14 6720 69300
2 16 [2403] 8 0 16 560 44100
2 17 [2215] 9 1 13 2688 3063060
2 18 [23130] 9 1 15 8960 900900
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Infinity normed polytopes III
2 19 [24102] 9 1 17 3360 485100
2 20 [2314] 10 0 16 4480 15315300
2 21 [24120] 10 0 18 6720 6306300
2 22 [2502] 10 0 20 672 5336100
2 23 [2413] 11 1 19 4480 107207100
2 24 [2510] 11 1 21 2688 69369300
2 25 [2512] 12 0 22 2688 1179278100
2 26 [260] 12 0 24 448 901800900
2 27 [261] 13 1 25 896 15330615300
2 28 [27] 14 0 28 128 260620460100
3 1 [306] 3 1 9 14 8
3 2 [3105] 4 0 10 168 24
3 3 [31204] 5 1 11 840 120
3 4 [3205] 5 1 13 168 72
3 5 [31303] 6 0 12 2240 840
3 6 [32104] 6 0 14 1680 360
3 7 [3205] 6 0 18 84 216
3 8 [31402] 7 1 13 3360 9240
3 9 [321203] 7 1 15 6720 2520
3 10 [32204] 7 1 17 840 1800
3 11 [32104] 7 1 19 840 1080
3 12 [3150] 8 0 14 2688 120120
3 13 [321302] 8 0 16 13440 27720
3 14 [322103] 8 0 18 6720 12600
3 15 [321203] 8 0 20 3360 7560
3 16 [32204] 8 0 22 840 5400
3 17 [316] 9 1 15 896 2042040
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Infinity normed polytopes IV
3 18 [32140] 9 1 17 13440 360360
3 19 [3221202] 9 1 19 20160 138600
3 20 [32303] 9 1 21 2240 88200
3 21 [321302] 9 1 21 6720 83160
3 22 [322103] 9 1 23 6720 37800
3 23 [3304] 9 1 27 280 27000
3 24 [3215] 10 0 18 5376 6126120
3 25 [322130] 10 0 20 26880 1801800
3 26 [323102] 10 0 22 13440 970200
3 27 [32140] 10 0 22 6720 1081080
3 28 [3221202] 10 0 24 20160 415800
3 29 [322203] 10 0 26 3360 264600
3 30 [33103] 10 0 28 2240 189000
3 31 [32214] 11 1 21 13440 30630600
3 32 [323120] 11 1 23 26880 12612600
3 33 [32402] 11 1 25 3360 10672200
3 34 [3215] 11 1 23 2688 18378360
3 35 [322130] 11 1 25 26880 5405400
3 36 [3222102] 11 1 27 20160 2910600
3 37 [331202] 11 1 29 6720 2079000
3 38 [33203] 11 1 31 2240 1323000
3 39 [32313] 12 0 24 17920 214414200
3 40 [32410] 12 0 26 13440 138738600
3 41 [32214] 12 0 26 13440 91891800
3 42 [3222120] 12 0 28 40320 37837800
3 43 [322302] 12 0 30 6720 32016600
3 44 [33130] 12 0 30 8960 27027000
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Infinity normed polytopes V
3 45 [332102] 12 0 32 13440 14553000
3 46 [3403] 12 0 36 560 9261000
3 47 [32412] 13 1 27 13440 2358556200
3 48 [3250] 13 1 29 2688 1803601800
3 49 [322213] 13 1 29 26880 643242600
3 50 [322310] 13 1 31 26880 416215800
3 51 [3314] 13 1 31 4480 459459000
3 52 [332120] 13 1 33 26880 189189000
3 53 [332202] 13 1 35 6720 160083000
3 54 [34102] 13 1 37 3360 101871000
3 55 [3251] 14 0 30 5376 30661260600
3 56 [322312] 14 0 32 26880 7075668600
3 57 [32240] 14 0 34 6720 5410805400
3 58 [33213] 14 0 34 17920 3216213000
3 59 [332210] 14 0 36 26880 2081079000
3 60 [34120] 14 0 38 6720 1324323000
3 61 [34202] 14 0 40 3360 1120581000
3 62 [326] 15 1 33 896 521240920200
3 63 [32241] 15 1 35 13440 91983691800
3 64 [332212] 15 1 37 26880 35378343000
3 65 [33230] 15 1 39 8960 27054027000
3 66 [3413] 15 1 39 4480 22513491000
3 67 [34210] 15 1 41 13440 14567553000
3 68 [3502] 15 1 45 672 12326391000
3 69 [3225] 16 0 38 2688 1563722760600
3 70 [33231] 16 0 40 17920 459918459000
3 71 [34212] 16 0 42 13440 247648401000
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Infinity normed polytopes VI
3 72 [34220] 16 0 44 6720 189378189000
3 73 [3510] 16 0 46 2688 160243083000
3 74 [3324] 17 1 43 4480 7818613803000
3 75 [34221] 17 1 45 13440 3219429213000
3 76 [3512] 17 1 47 2688 2724132411000
3 77 [3520] 17 1 49 2688 2083160079000
3 78 [3423] 18 0 48 4480 54730296621000
3 79 [3521] 18 0 50 5376 35413721343000
3 80 [360] 18 0 54 448 27081081027000
3 81 [3522] 19 1 53 2688 602033262831000
3 82 [361] 19 1 55 896 460378377459000
3 83 [362] 20 0 58 896 7826432416803000
3 84 [37] 21 1 63 128 133049351085651000
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Relation between 7-spheres and the leader classes of
measure polytopes I
N disjunct union of leader classes of measure polytopes r7(N)
0 [07] 1
1 [106] 14
2 [1205] 84
3 [1304] 280
4 [1403] ∪ [206] 574
5 [1502] ∪ [2105] 840
6 [160] ∪ [21204] 1288
7 [17] ∪ [21303] 2368
8 [2205] ∪ [21402] 3444
9 [22104] ∪ [2150] ∪ [306] 3542
10 [221203] ∪ [216] ∪ [3105] 4424
11 [221302] ∪ [31204] 7560
12 [2304] ∪ [22140] ∪ [31303] 9240
13 [23103] ∪ [2215] ∪ [3205] ∪ [31402] 8456
14 [231202] ∪ [32104] ∪ [3150] 11088
15 [23130] ∪ [321203] ∪ [316] 16576
16 [2403] ∪ [2314] ∪ [321302] ∪ [406] 18494
17 [24102] ∪ [32204] ∪ [32140] ∪ [4105] 17808
18 [24120] ∪ [3205] ∪ [322103] ∪ [3215] ∪ [41204] 19740
19 [2413] ∪ [32104] ∪ [3221202] ∪ [41303] 27720
20 [2502] ∪ [321203] ∪ [322130] ∪ [41402] ∪ [4205] 34440
21 [2510] ∪ [32303] ∪ [321302] ∪ [32214] ∪ [4150] ∪ [42104] 29456
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Relation between 7-spheres and the leader classes of
measure polytopes II
22 [2512] ∪ [32204] ∪ [323102] ∪ [32140] ∪ [416] ∪ [421203] 31304
23 [322103] ∪ [323120] ∪ [3215] ∪ [421302] 49728
24 [260] ∪ [3221202] ∪ [32313] ∪ [42140] ∪ [42204] 52808
25 [261] ∪ [32402] ∪ [322130] ∪ [4215] ∪ [422103] ∪ [4305] ∪ [506] 43414
26 [322203] ∪ [32410] ∪ [32214] ∪ [4221202] ∪ [43104] ∪ [5105] 52248
27 [3304] ∪ [3222102] ∪ [32412] ∪ [422130] ∪ [431203] ∪ [51204] 68320
28 [27] ∪ [33103] ∪ [3222120] ∪ [42214] ∪ [42303] ∪ [431302] ∪ [51303] 74048
29 [331202] ∪ [3250] ∪ [322213] ∪ [423102] ∪ [43140] ∪ [43204] ∪ [51402] ∪ [5205] 68376
30 [322302] ∪ [33130] ∪ [3251] ∪ [423120] ∪ [4315] ∪ [432103] ∪ [5150] ∪ [52104] 71120
31 [33203] ∪ [322310] ∪ [3314] ∪ [42313] ∪ [4321202] ∪ [516] ∪ [521203] 99456
32 [332102] ∪ [322312] ∪ [42402] ∪ [4205] ∪ [432130] ∪ [521302] 110964
33 [332120] ∪ [326] ∪ [42410] ∪ [42104] ∪ [43214] ∪ [432203] ∪ [52140] ∪ [52204] 89936
34 [32240] ∪ [33213] ∪ [42412] ∪ [4322102] ∪ [43204] ∪ [421203] ∪ [5215] ∪ [522103] ∪ [5305] 94864
35 [332202] ∪ [32241] ∪ [432103] ∪ [421302] ∪ [4322120] ∪ [5221202] ∪ [53104] 136080
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Isoperimetric distributions of classes of the first polytope
shell I
The table consists of 8 columns and represents the isoperimetric distributions of leader classes of polytope shell
P17 \ P07 . The first column is the index of the integer sequence of frequencies of the respective isoperimetric
distributions. The other columns contain each the first 50 frequencies of the isoperimetric distribution
corresponding to the leader classes containing known physical quantities from the measure polytope P17 . Study of
the minimum frequencies fmin in the 7 distributions and the corresponding vertices results in finding the classes
that have unique ternary operations. The results for the measure polytope P17 are that only leader class 2 contains
unique parallelograms. The ternary operation for leader class 2 is represented by a physical quantity that is
expressed as length×mass . Observe that the frequencies in the sequence of leader class 1 also appear in the OEIS
[OEIS, 2011] sequence A000141 given by r6(m) = 1, 12, 60, 160, 252, 312, 544, 960 . . . . The sequence represents
the number of ways of writing a positive integer m as a sum of six integral squares. It is known that this OEIS
sequence A000141 is related to the theta function [Conway, 1999a].
n cl1 cl2 cl3 cl4 cl5 cl6 cl7
1 1 1 1 1 1 1 1
2 12 1 3 4 5 6 7
3 1 10 8 3 10 15 21
4 60 10 24 6 4 10 35
5 12 2 3 24 20 2 7
6 160 42 30 18 40 12 42
7 60 40 75 4 5 30 105
8 252 20 24 24 24 26 147
9 160 100 80 60 50 30 147
10 312 80 120 40 65 60 21
11 1 1 3 24 20 66 105
12 252 80 75 80 80 30 210
13 544 170 168 104 120 12 252
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Isoperimetric distributions of classes of the first polytope
shell II
14 12 91 150 48 100 60 315
15 312 10 24 6 10 120 441
16 960 160 120 60 50 15 35
17 60 272 240 156 114 132 147
18 544 122 288 180 170 60 252
19 1020 42 1 78 200 60 350
20 160 182 75 36 40 92 595
21 960 420 150 104 120 102 735
22 876 280 246 156 128 165 574
23 252 100 504 264 160 110 35
24 1020 244 8 176 10 30 147
25 1560 544 120 4 320 120 315
26 312 400 288 80 65 180 595
27 876 2 400 180 170 20 882
28 2400 170 528 192 260 180 840
29 1 560 30 328 320 270 854
30 544 682 150 240 375 180 1260
31 1560 290 504 24 40 66 21
32 2080 20 750 96 100 102 147
33 12 272 510 264 160 200 441
34 960 800 80 480 400 360 735
35 2400 910 288 480 5 342 840
36 2040 362 528 193 560 166 1050
37 60 80 728 60 340 132 1575
38 1020 420 840 156 65 180 1785
39 2080 580 3 328 200 15 1470
40 3264 1040 168 636 320 280 7
41 160 800 504 624 424 480 147
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Isoperimetric distributions of classes of the first polytope
shell III
42 876 160 510 219 520 420 441
43 2040 544 576 6 20 132 574
44 4160 724 1227 104 530 60 854
45 252 1220 24 352 100 165 1575
46 1560 880 240 480 320 360 1750
47 3264 1 528 438 560 450 1533
48 4092 182 840 680 1 30 1932
49 312 682 1200 468 484 390 2387
50 2400 1600 1200 24 500 570 1
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Isoperimetric distributions of leader classes of the second
polytope shell I
The table consists of 11 columns and represents the isoperimetric distributions of leader classes of polytope shell
P27 \ P17 . The first column is the index of the integer sequence of frequencies of the respective isoperimetric
distributions. The other columns contain each the first 50 frequencies of the isoperimetric distribution
corresponding to the leader classes with s = 2 and respective Id from the measure polytope P37 . Observe that
minimum frequencies fmin = 1 are present in the distributions. Listing the vertices that correspond to those
frequency minima results in finding the leader classes that have unique ternary operations. The leader class with
s = 2 and Id = 6 has been studied in detail.
n cl1 cl2 cl3 cl4 cl5 cl6 cl7 cl8 cl11 cl12
1 1 1 1 2 1 1 1 1 1 1
2 6 1 1 2 1 1 1 1 1 1
3 12 1 1 5 3 2 4 1 3 3
4 30 10 2 20 3 2 3 2 2 3
5 60 10 9 31 9 8 4 4 6 3
6 81 11 8 80 19 1 10 8 3 6
7 160 40 8 50 6 16 20 8 10 3
8 126 1 18 42 21 8 17 13 14 1
9 12 40 34 2 3 17 20 6 11 18
10 252 1 26 160 36 26 4 26 4 19
11 156 50 26 85 45 10 40 28 28 18
12 60 81 1 100 18 1 44 14 36 18
13 312 11 64 20 1 48 20 16 29 6
14 272 80 74 182 57 56 16 2 18 21
15 160 120 34 136 83 50 1 34 3 40
16 544 100 18 170 63 26 44 60 32 9
17 480 10 50 80 21 2 80 2 48 45
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Isoperimetric distributions of leader classes of the second
polytope shell II
18 252 50 112 244 50 42 20 16 12 47
19 960 90 9 211 82 65 80 60 62 39
20 511 1 120 272 9 10 32 24 62 3
21 312 170 41 560 120 90 60 52 45 18
22 1020 152 64 432 122 88 10 16 18 57
23 438 40 2 10 57 48 80 57 72 45
24 12 120 88 420 3 16 91 62 57 60
25 544 114 114 800 114 96 140 98 75 36
26 876 202 185 341 108 58 88 55 44 96
27 780 10 104 182 135 98 44 36 132 9
28 60 320 34 42 36 42 4 13 11 43
29 960 81 112 544 249 160 106 88 68 81
30 1560 170 164 580 82 2 140 100 106 44
31 1200 260 16 455 150 72 40 52 45 78
32 160 352 164 244 19 136 122 84 134 18
33 1020 411 264 100 210 48 184 144 6 104
34 2400 40 184 682 219 139 130 98 140 111
35 1040 100 74 724 276 1 80 82 160 83
36 252 202 114 520 83 184 96 94 96 36
37 876 400 1 560 3 208 20 34 32 66
38 2080 1 240 910 108 96 184 1 93 3
39 1020 560 368 170 150 17 280 166 1 102
40 312 322 330 1600 339 116 244 234 105 172
41 1560 81 194 610 45 162 176 201 228 78
42 2040 152 120 2 399 296 6 170 68 210
43 1632 352 164 800 246 65 140 26 251 108
44 544 360 9 1040 120 352 160 136 147 39
45 2400 520 304 272 210 212 44 128 28 3
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Isoperimetric distributions of leader classes of the second
polytope shell III
46 3264 11 480 272 19 8 244 57 116 120
47 2081 530 427 1760 300 136 400 212 162 153
48 960 100 160 850 366 176 364 324 72 83
49 2080 320 68 20 435 56 128 8 194 192
50 4160 560 185 580 63 256 91 262 10 21
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Isoperimetric distributions of leader classes of the third
polytope shell I
The table consists of 11 columns and represents the isoperimetric distributions of leader classes of polytope shell
P37 \ P27 . The first column is the index of the integer sequence of frequencies of the respective isoperimetric
distributions. The other columns contain each the first 50 frequencies of the isoperimetric distribution
corresponding to the leader classes with s = 3 and respective Id from the measure polytope P37 . Observe that
minimum frequencies fmin = 1 are present in the distributions. Listing the vertices that correspond to those
frequency minima results in finding the leader classes that have unique ternary operations.
n cl1 cl2 cl3 cl4 cl5 cl6 cl9 cl14 cl15 cl22
1 2 1 1 1 1 1 1 1 1 1
2 12 1 1 1 1 1 1 1 1 1
3 12 1 2 1 3 1 1 1 2 1
4 60 10 1 1 3 1 2 2 1 1
5 160 10 8 10 1 1 1 1 2 2
6 60 1 2 1 6 1 2 2 2 1
7 1 1 16 10 3 8 1 6 2 2
8 252 10 8 40 18 9 7 2 6 2
9 160 40 3 10 18 1 13 2 4 6
10 312 40 8 10 6 9 9 8 12 8
11 12 1 26 10 6 1 8 2 6 3
12 252 10 48 40 6 9 2 13 12 1
13 544 10 28 1 19 24 15 1 12 8
14 60 10 16 1 39 8 26 8 4 13
15 312 80 2 80 3 9 9 14 2 13
16 960 40 24 40 18 32 30 15 12 2
17 544 80 48 40 42 9 34 26 16 7
18 160 10 26 1 18 32 26 13 28 1
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Isoperimetric distributions of leader classes of the third
polytope shell II
19 1020 40 64 40 36 1 2 14 6 14
20 960 1 64 80 18 10 15 6 24 13
21 252 10 49 11 50 33 43 13 20 26
22 876 41 1 90 42 35 38 30 30 13
23 1020 90 16 1 60 57 35 38 29 21
24 1 90 74 10 44 32 1 1 24 30
25 312 40 74 80 42 33 34 27 2 26
26 1560 80 51 1 1 1 70 32 32 6
27 876 1 48 80 18 24 14 46 28 15
28 12 80 120 90 78 56 46 40 12 22
29 544 90 3 80 96 66 1 40 40 8
30 2400 40 72 50 44 1 61 2 56 25
31 1560 112 112 10 66 40 43 32 52 1
32 2080 112 49 112 99 25 78 32 65 45
33 960 90 128 90 84 25 15 14 30 31
34 60 90 8 40 60 64 66 57 16 56
35 2400 91 120 10 84 66 90 80 56 33
36 2040 10 176 90 42 65 70 60 62 30
37 1020 1 72 10 6 57 26 82 2 9
38 160 130 24 112 116 34 62 39 40 44
39 2080 240 76 120 168 9 9 10 64 1
40 3264 241 2 90 174 96 71 68 106 50
41 876 170 122 240 152 128 143 50 12 43
42 252 40 192 113 36 97 61 44 30 62
43 2040 112 72 40 3 136 164 84 90 14
44 4160 122 267 81 99 40 103 132 17 28
45 1560 41 194 112 120 9 43 13 38 52
46 312 192 26 40 60 88 8 24 80 75
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Isoperimetric distributions of leader classes of the third
polytope shell III
47 3264 320 112 240 145 83 90 92 64 2
48 4092 10 160 1 240 40 108 40 5 39
49 2400 330 74 40 19 152 66 60 104 53
50 544 112 224 170 225 216 146 100 32 48
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Codification of common physical quantities I
The first column represents the name of a common physical quantity. The second column indicates to which shell
that the physical quantity belongs. The third column gives the Id of the leader class within the respective polytope
shell. The fourth column lists the leader class that contains the physical quantity. The fifth column identifies the
physical quantity by its integer lattice point in Z7 .
physical quantity s Id leader class vertex
plane angle 0 1 [07] (0,0,0,0,0,0,0)
solid angle 0 1 [07] (0,0,0,0,0,0,0)
linear strain 0 1 [07] (0,0,0,0,0,0,0)
shear strain 0 1 [07] (0,0,0,0,0,0,0)
bulk strain 0 1 [07] (0,0,0,0,0,0,0)
relative elongation 0 1 [07] (0,0,0,0,0,0,0)
refractive index 0 1 [07] (0,0,0,0,0,0,0)
electric susceptibility 0 1 [07] (0,0,0,0,0,0,0)
mass ratio 0 1 [07] (0,0,0,0,0,0,0)
fine-structure constant (αe ) 0 1 [0
7] (0,0,0,0,0,0,0)
(αw ) 0 1 [0
7] (0,0,0,0,0,0,0)
(αs ) 0 1 [0
7] (0,0,0,0,0,0,0)
(αG ) 0 1 [0
7] (0,0,0,0,0,0,0)
redshift 0 1 [07] (0,0,0,0,0,0,0)
Poisson’s ratio 0 1 [07] (0,0,0,0,0,0,0)
length 1 1 [106] (1,0,0,0,0,0,0)
height 1 1 [106] (1,0,0,0,0,0,0)
breadth 1 1 [106] (1,0,0,0,0,0,0)
thickness 1 1 [106] (1,0,0,0,0,0,0)
distance 1 1 [106] (1,0,0,0,0,0,0)
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Codification of common physical quantities II
radius 1 1 [106] (1,0,0,0,0,0,0)
diameter 1 1 [106] (1,0,0,0,0,0,0)
path length 1 1 [106] (1,0,0,0,0,0,0)
persistence length 1 1 [106] (1,0,0,0,0,0,0)
length of arc 1 1 [106] (1,0,0,0,0,0,0)
Planck length 1 1 [106] (1,0,0,0,0,0,0)
wavelength 1 1 [106] (1,0,0,0,0,0,0)
Compton wavelength 1 1 [106] (1,0,0,0,0,0,0)
relaxation length 1 1 [106] (1,0,0,0,0,0,0)
luminosity distance 1 1 [106] (1,0,0,0,0,0,0)
mass 1 1 [106] (0,1,0,0,0,0,0)
reduced mass 1 1 [106] (0,1,0,0,0,0,0)
Planck mass 1 1 [106] (0,1,0,0,0,0,0)
time 1 1 [106] (0,0,1,0,0,0,0)
period 1 1 [106] (0,0,1,0,0,0,0)
relaxation time 1 1 [106] (0,0,1,0,0,0,0)
time constant 1 1 [106] (0,0,1,0,0,0,0)
time interval 1 1 [106] (0,0,1,0,0,0,0)
proper time 1 1 [106] (0,0,1,0,0,0,0)
Planck time 1 1 [106] (0,0,1,0,0,0,0)
half-life time 1 1 [106] (0,0,1,0,0,0,0)
specific impulse 1 1 [106] (0,0,1,0,0,0,0)
electric current 1 1 [106] (0,0,0,1,0,0,0)
thermodynamic temperature 1 1 [106] (0,0,0,0,1,0,0)
Planck temperature 1 1 [106] (0,0,0,0,1,0,0)
thermal expansion coefficient 1 1 [106] (0,0,0,0,-1,0,0)
amount of substance 1 1 [106] (0,0,0,0,0,1,0)
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Codification of common physical quantities III
luminous intensity 1 1 [106] (0,0,0,0,0,0,1)
luminous flux 1 1 [106] (0,0,0,0,0,0,1)
wave number 1 1 [106] (-1,0,0,0,0,0,0)
optical power 1 1 [106] (-1,0,0,0,0,0,0)
spatial frequency 1 1 [106] (-1,0,0,0,0,0,0)
absorption coefficient 1 1 [106] (-1,0,0,0,0,0,0)
laser gain 1 1 [106] (-1,0,0,0,0,0,0)
rotational constant 1 1 [106] (-1,0,0,0,0,0,0)
Rydberg constant 1 1 [106] (-1,0,0,0,0,0,0)
frequency 1 1 [106] (0,0,-1,0,0,0,0)
angular frequency 1 1 [106] (0,0,-1,0,0,0,0)
circular frequency 1 1 [106] (0,0,-1,0,0,0,0)
activity 1 1 [106] (0,0,-1,0,0,0,0)
specific material permeability 1 1 [106] (0,0,-1,0,0,0,0)
angular velocity 1 1 [106] (0,0,-1,0,0,0,0)
decay constant 1 1 [106] (0,0,-1,0,0,0,0)
Avogadro constant 1 1 [106] (0,0,0,0,0,-1,0)
velocity 1 2 [1205] (1,0,-1,0,0,0,0)
group velocity 1 2 [1205] (1,0,-1,0,0,0,0)
volumetric flux 1 2 [1205] (1,0,-1,0,0,0,0)
speed 1 2 [1205] (1,0,-1,0,0,0,0)
speed of light in vacuum 1 2 [1205] (1,0,-1,0,0,0,0)
magnetic field strength 1 2 [1205] (-1,0,0,1,0,0,0)
magnetisation 1 2 [1205] (-1,0,0,1,0,0,0)
temperature gradient 1 2 [1205] (-1,0,0,0,1,0,0)
electric charge 1 2 [1205] (0,0,1,1,0,0,0)
electric flux 1 2 [1205] (0,0,1,1,0,0,0)
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Codification of common physical quantities IV
catalytic activity 1 2 [1205] (0,0,-1,0,0,1,0)
molar mass 1 2 [1205] (0,1,0,0,0,-1,0)
second radiation constant 1 2 [1205] (1,0,0,0,1,0,0)
luminous energy 1 2 [1205] (0,0,1,0,0,0,1)
linear density 1 2 [1205] (-1,1,0,0,0,0,0)
mass flow rate 1 2 [1205] (0,1,-1,0,0,0,0)
electric dipole moment 1 3 [1304] (1,0,1,1,0,0,0)
linear momentum 1 3 [1304] (1,1,-1,0,0,0,0)
Faraday constant 1 3 [1304] (0,0,1,1,0,-1,0)
dynamic viscosity 1 3 [1304] (-1,1,-1,0,0,0,0)
fluidity 1 3 [1304] (1,-1,1,0,0,0,0)
magnetogyric ratio 1 3 [1304] (0,-1,1,1,0,0,0)
vacuum condensate of Higgs field (η) 1 3 [1304] (0,1,-1,-1,0,0,0)
area 2 1 [206] (2,0,0,0,0,0,0)
elastic modulus 2 1 [206] (2,0,0,0,0,0,0)
Thomson cross section 2 1 [206] (2,0,0,0,0,0,0)
spacetime curvature 2 1 [206] (-2,0,0,0,0,0,0)
angular acceleration 2 1 [206] (0,0,-2,0,0,0,0)
acceleration 2 1 [2105] (1,0,-2,0,0,0,0)
areal velocity 2 2 [2105] (2,0,-1,0,0,0,0)
mass attenuation coefficient 2 2 [2105] (2,-1,0,0,0,0,0)
radiant exposure 2 2 [2105] (0,1,-2,0,0,0,0)
diffusion constant 2 2 [2105] (2,0,-1,0,0,0,0)
thermal diffusivity 2 2 [2105] (2,0,-1,0,0,0,0)
kinematic viscosity 2 2 [2105] (2,0,-1,0,0,0,0)
quantum of circulation 2 2 [2105] (2,0,-1,0,0,0,0)
electric current density 2 2 [2105] (-2,0,0,1,0,0,0)
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Codification of common physical quantities V
luminance 2 2 [2105] (-2,0,0,0,0,0,1)
illuminance 2 2 [2105] (-2,0,0,0,0,0,1)
luminous emittance 2 2 [2105] (-2,0,0,0,0,0,1)
irradiance 2 2 [2105] (-2,0,0,0,0,0,1)
magnetic dipole moment 2 2 [2105] (2,0,0,1,0,0,0)
Bohr magneton 2 2 [2105] (2,0,0,1,0,0,0)
surface density 2 2 [2105] (-2,1,0,0,0,0,0)
surface tension 2 2 [2105] (0,1,-2,0,0,0,0)
stiffness 2 2 [2105] (0,1,-2,0,0,0,0)
compliance 2 2 [2105] (0,-1,2,0,0,0,0)
moment of inertia 2 2 [2105] (2,1,0,0,0,0,0)
accelerator luminosity 2 2 [2105] (-2,0,-1,0,0,0,0)
force 2 3 [21204] (1,1,-2,0,0,0,0)
energy density 2 3 [21204] (-1,1,-2,0,0,0,0)
radiant energy density 2 3 [21204] (-1,1,-2,0,0,0,0)
sound energy density 2 3 [21204] (-1,1,-2,0,0,0,0)
toughness 2 3 [21204] (-1,1,-2,0,0,0,0)
pressure 2 3 [21204] (-1,1,-2,0,0,0,0)
modulus of elasticity 2 3 [21204] (-1,1,-2,0,0,0,0)
Young’s modulus 2 3 [21204] (-1,1,-2,0,0,0,0)
shear modulus 2 3 [21204] (-1,1,-2,0,0,0,0)
compression modulus 2 3 [21204] (-1,1,-2,0,0,0,0)
normal stress 2 3 [21204] (-1,1,-2,0,0,0,0)
shear stress 2 3 [21204] (-1,1,-2,0,0,0,0)
energy momentum tensor 2 3 [21204] (-1,1,-2,0,0,0,0)
Planck constant 2 3 [21204] (2,1,-1,0,0,0,0)
angular momentum 2 3 [21204] (2,1,-1,0,0,0,0)
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Codification of common physical quantities VI
action 2 3 [21204] (2,1,-1,0,0,0,0)
spin 2 3 [21204] (2,1,-1,0,0,0,0)
acoustic impedance 2 3 [21204] (-2,1,-1,0,0,0,0)
mass flux 2 3 [21204] (-2,1,-1,0,0,0,0)
magnetic flux density 2 3 [21204] (0,1,-2,-1,0,0,0)
magnetic induction 2 3 [21204] (0,1,-2,-1,0,0,0)
surface charge density 2 3 [21204] (-2,0,1,1,0,0,0)
dielectric polarisation 2 3 [21204] (-2,0,1,1,0,0,0)
electrical displacement 2 3 [21204] (-2,0,1,1,0,0,0)
electrical quadrupole moment 2 3 [21204] (2,0,1,1,0,0,0)
luminous exposure 2 3 [21204] (-2,0,1,0,0,0,1)
absorbed dose 2 4 [2204] (2,0,-2,0,0,0,0)
dose equivalent 2 4 [2204] (2,0,-2,0,0,0,0)
specific energy 2 4 [2204] (2,0,-2,0,0,0,0)
gravitational potential 2 4 [2204] (2,0,-2,0,0,0,0)
molar Planck constant 2 5 [21303] (2,1,-1,0,0,-1,0)
magnetic vector potential 2 5 [21303] (1,1,-2,-1,0,0,0)
thermal conductivity 2 5 [21303] (1,1,-2,0,-1,0,0)
thermal resistivity 2 5 [21303] (-1,-1,2,0,1,0,0)
torque 2 6 [22104] (2,1,-2,0,0,0,0)
moment of a force 2 6 [22104] (2,1,-2,0,0,0,0)
specific heat capacity 2 6 [22104] (2,0,-2,0,-1,0,0)
energy 2 6 [22104] (2,1,-2,0,0,0,0)
potential energy 2 6 [22104] (2,1,-2,0,0,0,0)
kinetic energy 2 6 [22104] (2,1,-2,0,0,0,0)
work 2 6 [22104] (2,1,-2,0,0,0,0)
Lagrange function 2 6 [22104] (2,1,-2,0,0,0,0)
Ph. Chevalier (Independent Researcher) Codification of SI physical quantities August 2013 128 / 147
Codification of common physical quantities VII
Hamilton function 2 6 [22104] (2,1,-2,0,0,0,0)
Hartree energy 2 6 [22104] (2,1,-2,0,0,0,0)
ionization energy 2 6 [22104] (2,1,-2,0,0,0,0)
electron affinity 2 6 [22104] (2,1,-2,0,0,0,0)
electronegativity 2 6 [22104] (2,1,-2,0,0,0,0)
dissociation energy 2 6 [22104] (2,1,-2,0,0,0,0)
magnetic constant 2 8 [221203] (1,1,-2,-2,0,0,0)
permeability 2 8 [221203] (1,1,-2,-2,0,0,0)
magnetic flux 2 8 [221203] (2,1,-2,-1,0,0,0)
magnetic moment 2 8 [221203] (2,1,-2,-1,0,0,0)
entropy 2 8 [221203] (2,1,-2,0,-1,0,0)
specific heat 2 8 [221203] (2,1,-2,0,-1,0,0)
Boltzmann constant 2 8 [221203] (2,1,-2,0,-1,0,0)
Josephson constant 2 8 [221203] (-2,-1,2,1,0,0,0)
magnetic flux quantum 2 8 [221203] (2,1,-2,-1,0,0,0)
chemical potential 2 8 [221203] (2,1,-2,0,0,-1,0)
molar energy 2 8 [221203] (2,1,-2,0,0,-1,0)
molar heat capacity 2 8 [221302] (2,1,-2,0,-1,-1,0)
molar gas constant 2 11 [221302] (2,1,-2,0,-1,-1,0)
molar entropy 2 11 [221302] (2,1,-2,0,-1,-1,0)
inductance 2 12 [23103] (2,1,-2,-2,0,0,0)
self-inductance 2 12 [23103] (2,1,-2,-2,0,0,0)
mutual inductance 2 12 [23103] (2,1,-2,-2,0,0,0)
magnetisability 2 12 [23103] (2,-1,2,2,0,0,0)
volume 3 1 [306] (3,0,0,0,0,0,0)
Loschmidt constant 3 1 [306] (-3,0,0,0,0,0,0)
number density 3 1 [306] (-3,0,0,0,0,0,0)
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Codification of common physical quantities VIII
mass density 3 2 [3105] (-3,1,0,0,0,0,0)
specific volume 3 2 [3105] (3,-1,0,0,0,0,0)
amount of substance concentration 3 2 [3105] (-3,0,0,0,0,1,0)
molar volume 3 2 [3105] (3,0,0,0,0,-1,0)
heat flux density 3 2 [3105] (0,1,-3,0,0,0,0)
Poynting vector 3 2 [3105] (0,1,-3,0,0,0,0)
radiative flux 3 2 [3105] (0,1,-3,0,0,0,0)
thermal emittance 3 2 [3105] (0,1,-3,0,0,0,0)
sound intensity 3 2 [3105] (0,1,-3,0,0,0,0)
radiance 3 2 [3105] (0,1,-3,0,0,0,0)
irradiance 3 2 [3105] (0,1,-3,0,0,0,0)
radiant exitance 3 2 [3105] (0,1,-3,0,0,0,0)
radiant emittance 3 2 [3105] (0,1,-3,0,0,0,0)
radiosity 3 2 [3105] (0,1,-3,0,0,0,0)
volume rate of flow 3 2 [3105] (3,0,-1,0,0,0,0)
jerk 3 2 [3105] (1,0,-3,0,0,0,0)
electric field gradient 3 3 [31204] (0,1,-3,-1,0,0,0)
electric charge density 3 3 [31204] (-3,0,1,1,0,0,0)
heat transfer coefficient 3 3 [31204] (0,1,-3,0,-1,0,0)
thermal insulance 3 3 [31204] (0,-1,3,0,1,0,0)
spectral exitance 3 3 [31204] (-1,1,-3,0,0,0,0)
spectral radiance 3 3 [31204] (-1,1,-3,0,0,0,0)
spectral irradiance 3 3 [31204] (-1,1,-3,0,0,0,0)
spectral power 3 3 [31204] (1,1,-3,0,0,0,0)
spectral intensity 3 3 [31204] (1,1,-3,0,0,0,0)
luminous energy density 3 3 [31204] (-3,0,1,0,0,0,1)
catalytic activity concentration 3 3 [31204] (-3,0,-1,0,0,1,0)
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Codification of common physical quantities IX
reaction rate 3 3 [31204] (-3,0,-1,0,0,1,0)
absorbed dose rate 3 4 [3205] (2,0,-3,0,0,0,0)
thermal conductivity 3 5 [31303] (1,1,-3,0,-1,0,0)
first hyper-susceptibility 3 5 [31303] (-1,-1,3,1,0,0,0)
electric field 3 5 [31303] (1,1,-3,-1,0,0,0)
radiant intensity 3 6 [32104] (2,1,-3,0,0,0,0)
radiant flux 3 6 [32104] (2,1,-3,0,0,0,0)
Newton constant of gravitation 3 6 [32104] (3,-1,-2,0,0,0,0)
power 3 6 [32104] (2,1,-3,0,0,0,0)
sound energy flux 3 6 [32104] (2,1,-3,0,0,0,0)
bolometric luminosity 3 6 [32104] (2,1,-3,0,0,0,0)
responsivity 3 6 [321203] (-2,-1,3,1,0,0,0)
electric potential difference 3 9 [321203] (2,1,-3,-1,0,0,0)
electric potential 3 9 [321203] (2,1,-3,-1,0,0,0)
thermal conductance 3 9 [321203] (2,1,-3,0,-1,0,0)
thermal resistance 3 9 [321203] (-2,-1,3,0,1,0,0)
electromotive force 3 9 [321203] (2,1,-3,-1,0,0,0)
luminous efficacy 3 9 [321203] (-2,1,3,0,0,0,1)
electrical resistance 3 14 [322103] (2,1,-3,-2,0,0,0)
reactance 3 14 [322103] (2,1,-3,-2,0,0,0)
impedance 3 14 [322103] (2,1,-3,-2,0,0,0)
conductance 3 14 [322103] (-2,-1,3,2,0,0,0)
admittance 3 14 [322103] (-2,-1,3,2,0,0,0)
susceptance 3 14 [322103] (-2,-1,3,2,0,0,0)
characteristic impedance of vacuum 3 14 [322103] (2,1,-3,-2,0,0,0)
von Klitzing constant 3 14 [322103] (2,1,-3,-2,0,0,0)
specific resistance 3 15 [321203] (3,1,-3,-1,0,0,0)
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Codification of common physical quantities X
electrical resistivity 3 22 [322103] (3,1,-3,-2,0,0,0)
electrical conductivity 3 22 [322103] (-3,-1,3,2,0,0,0)
second moment of area 4 1 [406] (4,0,0,0,0,0,0)
jounce 4 2 [4105] (1,0,-4,0,0,0,0)
electric polarisability 4 [42104] (0,-1,4,2,0,0,0)
Stefan-Boltzmann constant 4 [43104] (0,1,-3,0,-4,0,0)
first radiation constant 4 [43104] (4,1,-3,0,0,0,0)
electrical mobility 4 [431203] (3,1,-4,-1,0,0,0)
electric capacitance 4 [422103] (-2,-1,4,2,0,0,0)
electric constant 4 [432103] (-3,-1,4,2,0,0,0)
permittivity 4 [432103] (-3,-1,4,2,0,0,0)
second hyper-susceptibility 6 [62303] (-2,-2,6,2,0,0,0)
first hyper-polarisability 7 [732103] (-1,-2,7,3,0,0,0)
second hyper-polarisability 10 [(10)43203] (-2,-3,10,4,0,0,0)
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Go¨del walk in 7-dimensional integer lattice I
In the second column we list the vertices in the order of appearance in the Go¨del walk. The third column gives the
value of the Go¨del number up to the number 100. The fourth column shows the dimension d of Zd × {0}7−d in
which the lattice point is embedded. The fifth column indicates to which measure polytope Ps7 the lattice point
belongs. The sixth column shows the leader class containing the lattice point.
Id vertex Go¨del number dimension ‖x˘‖∞ = s leader class
1 (0,0,0,0,0,0,0) 1 0 0 [07]
2 (1,0,0,0,0,0,0) 2 1 1 [106]
3 (0,1,0,0,0,0,0) 3 2 1 [106]
4 (2,0,0,0,0,0,0) 4 1 2 [206]
5 (0,0,1,0,0,0,0) 5 3 1 [106]
6 (1,1,0,0,0,0,0) 6 2 1 [1205]
7 (0,0,0,1,0,0,0) 7 4 1 [106]
8 (3,0,0,0,0,0,0) 8 1 3 [306]
9 (0,2,0,0,0,0,0) 9 2 2 [206]
10 (1,0,1,0,0,0,0) 10 3 1 [1205]
11 (0,0,0,0,1,0,0) 11 5 1 [106]
12 (2,1,0,0,0,0,0) 12 2 2 [2105]
13 (0,0,0,0,0,1,0) 13 6 1 [106]
14 (1,0,0,1,0,0,0) 14 4 1 [1205]
15 (0,1,1,0,0,0,0) 15 3 1 [1205]
16 (4,0,0,0,0,0,0) 16 1 4 [406]
17 (0,0,0,0,0,0,1) 17 7 1 [106]
18 (1,2,0,0,0,0,0) 18 2 2 [2105]
19 (2,0,1,0,0,0,0) 20 3 2 [2105]
20 (0,1,0,1,0,0,0) 21 4 1 [1205]
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Go¨del walk in 7-dimensional integer lattice II
21 (1,0,0,0,1,0,0) 22 5 1 [1205]
22 (3,1,0,0,0,0,0) 24 2 3 [3105]
23 (0,0,2,0,0,0,0) 25 3 2 [206]
24 (1,0,0,0,0,1,0) 26 6 1 [1205]
25 (0,3,0,0,0,0,0) 27 2 3 [306]
26 (2,0,0,1,0,0,0) 28 4 2 [2105]
27 (1,1,1,0,0,0,0) 30 3 1 [1304]
28 (5,0,0,0,0,0,0) 32 1 5 [506]
29 (0,1,0,0,1,0,0) 33 5 1 [1205]
30 (1,0,0,0,0,0,1) 34 7 1 [1205]
31 (0,0,1,1,0,0,0) 35 4 1 [1205]
32 (2,2,0,0,0,0,0) 36 2 2 [2205]
33 (0,1,0,0,0,1,0) 39 6 1 [1205]
34 (3,0,1,0,0,0,0) 40 3 3 [3105]
35 (1,1,0,1,0,0,0) 42 4 1 [1304]
36 (2,0,0,0,1,0,0) 44 5 2 [2105]
37 (0,2,1,0,0,0,0) 45 3 2 [2105]
38 (4,1,0,0,0,0,0) 48 2 4 [4105]
39 (0,0,0,2,0,0,0) 49 4 2 [206]
40 (1,0,2,0,0,0,0) 50 3 2 [2105]
41 (0,1,0,0,0,0,1) 51 7 1 [1205]
42 (2,0,0,0,0,1,0) 52 6 2 [2105]
43 (1,3,0,0,0,0,0) 54 2 3 [3105]
44 (0,0,1,0,1,0,0) 55 5 1 [1205]
45 (3,0,0,1,0,0,0) 56 4 3 [3105]
46 (2,1,1,0,0,0,0) 60 3 2 [21204]
47 (0,2,0,1,0,0,0) 63 4 2 [2105]
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Go¨del walk in 7-dimensional integer lattice III
48 (6,0,0,0,0,0,0) 64 1 6 [606]
49 (0,0,1,0,0,1,0) 65 6 1 [1205]
50 (1,1,0,0,1,0,0) 66 5 1 [1304]
51 (2,0,0,0,0,0,1) 68 7 2 [2105]
52 (1,0,1,1,0,0,0) 70 4 1 [1304]
53 (3,2,0,0,0,0,0) 72 2 3 [3205]
54 (0,1,2,0,0,0,0) 75 3 2 [2105]
55 (0,0,0,1,1,0,0) 77 5 1 [1205]
56 (1,1,0,0,0,1,0) 78 6 1 [1304]
57 (4,0,1,0,0,0,0) 80 3 4 [4105]
58 (0,4,0,0,0,0,0) 81 2 4 [406]
59 (2,1,0,1,0,0,0) 84 4 2 [21204]
60 (0,0,1,0,0,0,1) 85 7 1 [1205]
61 (3,0,0,0,1,0,0) 88 5 3 [3105]
62 (1,2,1,0,0,0,0) 90 3 2 [21204]
63 (0,0,0,1,0,1,0) 91 6 1 [1205]
64 (5,1,0,0,0,0,0) 96 2 5 [5105]
65 (1,0,0,2,0,0,0) 98 4 2 [2105]
66 (0,2,0,0,1,0,0) 99 5 2 [2105]
67 (2,0,2,0,0,0,0) 100 3 2 [2205]
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Cardinality of sets of pairwise orthogonal vertices resulting
in the representative vertex of the leader class I
The first column is the row identifier. The second column represents the infinity norm s of the polytope shell. The
third column lists the leader classes [z˘]. The fourth column gives the total degree “deg” of the leader classes. The
fifth column contains N(z˘) ≡ m (mod 2) where N(z˘) is the square of the radius of the 7-sphere associated to the
representative vertex z˘ of the leader class [z˘]. From column 6 to column 11 the cardinality nd is given as function
of the dimension d ∈ N of Zd × {0}7−d where 2 ≤ d ≤ 7 .
Id s leader class deg N(z˘) ≡ m (mod 2) n2 n3 n4 n5 n6 n7
1 1 [106] 1 N ≡ 1 (mod 2) 0 0 0 0 0 0
2 1 [1205] 2 N ≡ 0 (mod 2) 1 1 1 1 1 1
3 1 [1304] 3 N ≡ 1 (mod 2) 2 3 3 3 3 3
4 1 [1403] 4 N ≡ 0 (mod 2) 3 7 7 7 7 7
5 1 [1502] 5 N ≡ 1 (mod 2) 3 7 15 15 15 15
6 1 [160] 6 N ≡ 0 (mod 2) 3 7 15 15 31 31
7 1 [17] 7 N ≡ 1 (mod 2) 3 7 15 15 31 63
8 2 [206] 2 N ≡ 0 (mod 2) 1 2 3 4 5 6
9 2 [2105] 3 N ≡ 1 (mod 2) 1 3 5 7 9 11
10 2 [21204] 4 N ≡ 0 (mod 2) 1 3 7 11 15 19
11 2 [2205] 4 N ≡ 0 (mod 2) 1 5 11 19 29 41
12 2 [21303] 5 N ≡ 1 (mod 2) 3 7 7 15 23 31
13 2 [22104] 5 N ≡ 1 (mod 2) 4 4 12 24 40 60
14 2 [221203] 6 N ≡ 0 (mod 2) 3 9 11 27 51 83
15 2 [2304] 6 N ≡ 0 (mod 2) 1 3 15 39 79 139
16 2 [221302] 7 N ≡ 1 (mod 2) 3 9 11 27 59 107
17 2 [23103] 7 N ≡ 1 (mod 2) 3 7 13 39 89 171
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Cardinality of sets of pairwise orthogonal vertices resulting
in the representative vertex of the leader class II
18 3 [306] 3 N ≡ 1 (mod 2) 0 4 12 24 40 60
19 3 [3105] 4 N ≡ 0 (mod 2) 3 3 11 27 51 83
20 3 [31204] 4 N ≡ 1 (mod 2) 7 11 11 27 59 107
21 3 [3205] 5 N ≡ 1 (mod 2) 1 3 13 39 89 171
22 3 [31303] 6 N ≡ 0 (mod 2) 7 11 31 31 63 127
22 3 [3205] 6 N ≡ 0 (mod 2) u u u u u u
23 3 [32104] 6 N ≡ 0 (mod 2) 3 7 15 39 95 199
24 3 [321203] 7 N ≡ 1 (mod 2) 4 20 60 260 620 1460
25 3 [322103] 8 N ≡ 0 (mod 2) 3 15 25 61 145 341
26 3 [321203] 8 N ≡ 0 (mod 2) 3 23 47 63 207 479
27 3 [322103] 9 N ≡ 1 (mod 2) 3 7 23 79 263 671
28 4 [406] 4 N ≡ 0 (mod 2) 1 2 11 44 125 286
29 4 [4105] 5 N ≡ 1 (mod 2) 1 7 17 47 129 311
30 4 [42104] 7 N ≡ 1 (mod 2) 7 7 31 79 191 471
31 4 [43104] 8 N ≡ 1 (mod 2) 5 11 27 99 339 923
32 4 [422103] 9 N ≡ 1 (mod 2) 7 23 30 120 330 796
33 4 [431203] 9 N ≡ 1 (mod 2) 5 23 39 111 327 975
34 4 [432103] 10 N ≡ 1 (mod 2) 5 23 47 135 415 1287
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Pairwise orthogonal vertices resulting in the vertex
representing energy I
The first column is the row identifier. The second column represents the perimeter of the parallelogram that is also
a rectangle. The third column contains vertex x˘ . The fourth column contains the vertex y˘ . The fifth column
contains the squared area A2p of the parallelograms. We see that the squared areas are all even. We observe that
the vertices with Id = 1 , Id = 35 and Id = 36 were already found through the two-factoring of the leader class
[22104] . We find in total 60 non-degenerated rectangles for the vertex z˘ = (2, 1,−2, 0, 0, 0, 0) with the 4 vertices
of each rectangle incident on the same hypersphere (x˘ − z˘
2
)2 = (
z˘
2
)2 .
Id pp x˘ y˘ A
2
p
1 7,657 (0,1,0,0,0,0,0) (2,0,-2,0,0,0,0) 8
2 8,120 (0,0,-1,-1,0,0,0) (2,1,-1,1,0,0,0) 14
3 8,120 (0,0,-1,0,-1,0,0) (2,1,-1,0,1,0,0) 14
4 8,120 (0,0,-1,0,0,-1,0) (2,1,-1,0,0,1,0) 14
5 8,120 (0,0,-1,0,0,0,-1) (2,1,-1,0,0,0,1) 14
6 8,120 (0,0,-1,0,0,0,1) (2,1,-1,0,0,0,-1) 14
7 8,120 (0,0,-1,0,0,1,0) (2,1,-1,0,0,-1,0) 14
8 8,120 (0,0,-1,0,1,0,0) (2,1,-1,0,-1,0,0) 14
9 8,120 (0,0,-1,1,0,0,0) (2,1,-1,-1,0,0,0) 14
10 8,120 (1,0,0,-1,0,0,0) (1,1,-2,1,0,0,0) 14
11 8,120 (1,0,0,0,-1,0,0) (1,1,-2,0,1,0,0) 14
12 8,120 (1,0,0,0,0,-1,0) (1,1,-2,0,0,1,0) 14
13 8,120 (1,0,0,0,0,0,-1) (1,1,-2,0,0,0,1) 14
14 8,120 (1,0,0,0,0,0,1) (1,1,-2,0,0,0,-1) 14
15 8,120 (1,0,0,0,0,1,0) (1,1,-2,0,0,-1,0) 14
16 8,120 (1,0,0,0,1,0,0) (1,1,-2,0,-1,0,0) 14
17 8,120 (1,0,0,1,0,0,0) (1,1,-2,-1,0,0,0) 14
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Pairwise orthogonal vertices resulting in the vertex
representing energy II
18 8,363 (0,1,-1,-1,0,0,0) (2,0,-1,1,0,0,0) 18
19 8,363 (0,1,-1,0,-1,0,0) (2,0,-1,0,1,0,0) 18
20 8,363 (0,1,-1,0,0,-1,0) (2,0,-1,0,0,1,0) 18
21 8,363 (0,1,-1,0,0,0,-1) (2,0,-1,0,0,0,1) 18
22 8,363 (0,1,-1,0,0,0,1) (2,0,-1,0,0,0,-1) 18
23 8,363 (0,1,-1,0,0,1,0) (2,0,-1,0,0,-1,0) 18
24 8,363 (0,1,-1,0,1,0,0) (2,0,-1,0,-1,0,0) 18
25 8,363 (0,1,-1,1,0,0,0) (2,0,-1,-1,0,0,0) 18
26 8,363 (1,-1,-1,0,0,0,0) (1,2,-1,0,0,0,0) 18
27 8,363 (1,0,-2,-1,0,0,0) (1,1,0,1,0,0,0) 18
28 8,363 (1,0,-2,0,-1,0,0) (1,1,0,0,1,0,0) 18
29 8,363 (1,0,-2,0,0,-1,0) (1,1,0,0,0,1,0) 18
30 8,363 (1,0,-2,0,0,0,-1) (1,1,0,0,0,0,1) 18
31 8,363 (1,0,-2,0,0,0,1) (1,1,0,0,0,0,-1) 18
32 8,363 (1,0,-2,0,0,1,0) (1,1,0,0,0,-1,0) 18
33 8,363 (1,0,-2,0,1,0,0) (1,1,0,0,-1,0,0) 18
34 8,363 (1,0,-2,1,0,0,0) (1,1,0,-1,0,0,0) 18
35 8,472 (0,0,-2,0,0,0,0) (2,1,0,0,0,0,0) 20
36 8,472 (0,1,-2,0,0,0,0) (2,0,0,0,0,0,0) 20
37 8,472 (1,0,-1,-1,-1,0,0) (1,1,-1,1,1,0,0) 20
38 8,472 (1,0,-1,-1,0,-1,0) (1,1,-1,1,0,1,0) 20
39 8,472 (1,0,-1,-1,0,0,-1) (1,1,-1,1,0,0,1) 20
40 8,472 (1,0,-1,-1,0,0,1) (1,1,-1,1,0,0,-1) 20
41 8,472 (1,0,-1,-1,0,1,0) (1,1,-1,1,0,-1,0) 20
42 8,472 (1,0,-1,-1,1,0,0) (1,1,-1,1,-1,0,0) 20
43 8,472 (1,0,-1,0,-1,-1,0) (1,1,-1,0,1,1,0) 20
44 8,472 (1,0,-1,0,-1,0,-1) (1,1,-1,0,1,0,1) 20
45 8,472 (1,0,-1,0,-1,0,1) (1,1,-1,0,1,0,-1) 20
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Pairwise orthogonal vertices resulting in the vertex
representing energy III
46 8,472 (1,0,-1,0,-1,1,0) (1,1,-1,0,1,-1,0) 20
47 8,472 (1,0,-1,0,0,-1,-1) (1,1,-1,0,0,1,1) 20
48 8,472 (1,0,-1,0,0,-1,1) (1,1,-1,0,0,1,-1) 20
49 8,472 (1,0,-1,0,0,1,-1) (1,1,-1,0,0,-1,1) 20
50 8,472 (1,0,-1,0,0,1,1) (1,1,-1,0,0,-1,-1) 20
51 8,472 (1,0,-1,0,1,-1,0) (1,1,-1,0,-1,1,0) 20
52 8,472 (1,0,-1,0,1,0,-1) (1,1,-1,0,-1,0,1) 20
53 8,472 (1,0,-1,0,1,0,1) (1,1,-1,0,-1,0,-1) 20
54 8,472 (1,0,-1,0,1,1,0) (1,1,-1,0,-1,-1,0) 20
55 8,472 (1,0,-1,1,-1,0,0) (1,1,-1,-1,1,0,0) 20
56 8,472 (1,0,-1,1,0,-1,0) (1,1,-1,-1,0,1,0) 20
57 8,472 (1,0,-1,1,0,0,-1) (1,1,-1,-1,0,0,1) 20
58 8,472 (1,0,-1,1,0,0,1) (1,1,-1,-1,0,0,-1) 20
59 8,472 (1,0,-1,1,0,1,0) (1,1,-1,-1,0,-1,0) 20
60 8,472 (1,0,-1,1,1,0,0) (1,1,-1,-1,-1,0,0) 20
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Partitions of leader classes with Go¨del number ≤ 1500 I
leader class deg psc (z˘) N(z˘) vertices Go¨del number F2 F3 F4 F5
[07] 0 0 0 1 1 0 0 0 0
[106] 1 1 1 14 2 0 0 0 0
[206] 2 0 4 14 4 0 0 0 0
[1205] 2 0 2 84 6 1 0 0 0
[306] 3 1 9 14 8 1 0 0 0
[2105] 3 1 5 168 12 2 0 0 0
[3105] 4 0 10 168 24 3 1 0 0
[1304] 3 1 3 280 30 3 1 0 0
[2205] 4 0 8 84 36 3 1 0 0
[21204] 4 0 6 840 60 5 3 0 0
[3205] 5 1 13 168 72 5 3 0 0
[31204] 5 1 11 840 120 7 7 1 0
[22104] 5 1 9 840 180 8 8 1 0
[1403] 4 0 4 560 210 7 6 1 0
[3205] 6 0 18 84 216 7 8 1 0
[32104] 6 0 14 1680 360 11 17 5 0
[21303] 5 1 7 2240 420 11 15 4 0
[31303] 6 0 12 2240 840 15 29 13 1
[2304] 6 0 12 280 900 12 20 7 0
[32104] 7 1 19 840 1080 15 33 17 1
[221203] 6 0 10 3360 1260 17 35 16 1
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